


Sn

Sn

Λn

Λ

Λ

λ λ

M∆



Sn × Sn

N× N

N3

N× N

DA Λ[X]⊗ Λ[Y ]

n = 4

n = 5



Zλ φ∗u

M(p,m)

M1n ϕ̃



sµ ∇(sλ) λ,µ $ 2

sµ ∇(sλ) λ,µ $ 3

sµ ∇(sλ) λ,µ $ 4

f2(q,t,w) (σ,τ) ∈ S2
2

f3(q,t,w) (σ,τ) ∈ S3
3

Pλ(q,t) λ $ 3

Pλ(q,t) λ $ 4



℘(3
2)

Pn(q)

Oe Ol N× N

N× N− {α} Oe Ol

Gd

ρ\ρ

maj maj



n = 2

n = 3

n = 4

O1 N3

O2 N3

O2 N3

O1,O2 O3

n = 2

n = 3

n = 4



N× N

SSYToN×N(2,1)

SSYToN×N(3,1)

SSYToN×N(2,2)

SSYToN×N(2,1,1)



n!

q t

q,t

q,t

N[q,t] MPK

Sn

C = H̃

n! Sn

n!



Sn

n!

Dn

Fq,t(Dn) = ∇(en),

∇

dimDn = (n + 1)(n−1), q = t = 1

〈Fq,t(Dn),en〉 = Cn(q,t).

q,t q,t

Dn

L∂ [Eα∆n |α ∈ Nn ].

L[Eα∆n |α ∈ N ]

Dn

x q y t q,t Cn(q,t)

∇

λ λ



Sn

Dn

DA/(XSym ⊗ Y Sym) HDA



Sn

λ

λ = (λ1,λ2, . . . ,λr, . . . )

λ1 ≥ λ2 ≥ . . . ≥ λr ≥ . . . ,



λ )(λ) λ

λ |λ|

|λ| = λ1 + λ2 + . . . .

n λ $ n λ

n λ |λ| = n

λ

(5, 3, 3, 2, 1, 1, 1)

132325

Sn [n] = {1, 2, . . . , n}

σ ∈ Sn

σ =
(

1
σ1

2
σ2

. . .

. . .

n

σn

)
,

σ(i) = σi

a ∈ [n] σ

(a,σ(a),σ2(a), . . . ,σk−1(a)) k ≥ 1 σk(a) = a

k i ∈ [n]

dk 1d12d2 . . . ndn

n

σ λ(σ)

σ ∈ [8]

σ = (3, 5, 6)(2, 1)(4)(7, 8),

=
(

1
2

2
1

3
5

4
4

5
6

6
3

7
8

8
7

)

λ(σ) = 1 22 3

σ,τ ∈ Sn

Sn



n λ = 1d12d2 . . . ndn

n!/zλ

zλ = 1d1d1!2d2d2! . . . ndndn!

V d GL(V ) V

V V GLd

d× d C

G V

G ρ : G −→ GL(V )

ρ : G −→ GLd V G

G× V −→ V

σ.v ∈ V

(στ).v = σ.(τ.v)

id.v = v

σ.(av + bw) = a(σ.v) + b(σ.w)

V d

ρ : G −→ GL(V ) ρ

χρ : G −→ C

χρ(σ) = tr(ρ(σ)),

tr(ρ(σ)) ρ(σ)

G V χV



g,h ∈ G

χ(g) = χ(hgh−1).

V, W ϕ : G −→ GL(V ) ψ : G −→

GL(W ) G θ : V −→W

g ∈ G

θ ◦ ϕ(g) = ψ(g) ◦ θ.

ϕ ψ

θ G

V G V W ⊂

V G w ∈ W g ∈ G g · w ∈ W

W = {0} W = V

G V

V G W V 〈 , 〉

G

W⊥ = {v ∈ V | 〈v, w〉 = 0,∀w ∈W}

G 〈 , 〉 V B

V

〈〈v, w〉〉 = 1
|G|

∑

g∈G

〈g.v, g.w〉

G

G V G

G W (i) V

V = W (1) ⊕W (2) ⊕ . . .⊕W (k).



V G V

V ∼= m1V
(1) ⊕m2v

(2) ⊕ · · ·⊕mrV (r)

V (i) G

mi V (i) V (i) ⊕ V (i) ⊕ · · ·⊕ V (i) mi

V (i)

G

G C

G

C[G] = {
∑

g∈G

cgg | cg ∈ C}.

G

h.(
∑

g∈G

cgg) =
∑

g∈G

cg(h.g)

C[G] G

C[G] = ⊕imiV (i)

∑
mi dim(V (i)) = |G|

∑
mi

2 = |G|2

χ ψ G C

〈χ,ψ〉 =
1
|G|

∑

g∈G

χ(g)ψ(g).

G V B

g ∈ G



〈χ,ψ〉 = 1
|G|

∑

g∈G

χ(g)ψ(g−1).

χ,ψ

〈χ,ψ〉 = δχ,ψ

V W G χV χW V

〈χV ,χW 〉 = 1 V

〈χV ,χV 〉 = 1

V G

V ∼= m1V
(1) ⊕m2V

(2) ⊕ · · ·⊕mkV
(k)

G V (i) χV (i)

mi

mi = 〈χV ,χV (i)〉 .

U G V H G H

U⊗V G×H

(g, h) ∈ G×H

(g,h).(v ⊗ w) = (g.v)⊗ (h.w).

χU⊗V (g, h) = χU (g)χV (h)

U V G H

U ⊗ V G×H {U (i)} {V (j)}



G H

{U (i) ⊗ V (j)} G × H

V G W H V

V W V = ⊕r∈RrW R = {r1, . . . , rl}

H G

R W

H G W

V G H × V −→ V

G × V −→ V

H

H ≤ G X Y

G H H

X ↓GH (h) = X(h), ∀h ∈ H

{r1, . . . ,rl}

H G Y (g) = 0 g 2∈ H

G

X ↑GH (g) = (Y (r−1
i grj))ij , ∀h ∈ H

χ ψ G H χ↓GH ψ↑GH



χ↓GH (h) = χ(h), ∀ ∈ H,

ψ↑GH (g) =
1
|H|

∑

γ∈G
γ−1gγ∈H

ψ(γ−1gγ).

f ↓GH g ↑GH
f : G −→ C g : H −→ C

〈
ψ,χ↓GH

〉
H

=
〈
ψ↑GH ,χ

〉
G

,

Sn

G Sn V

Q[X,Y ] X =

x1, . . . , xn Y = y1, . . . , yn Sn

Sn

σ.P (X; Y ) = P (xσ1 , . . . , xσn ; yσ1 , . . . , yσn).

α,β ∈ Nn XαY β xα1
1 xα2

2 . . . xαn
n yβ11 yβ22 . . . yβn

n πm,l

Q[X,Y ]

πm,l(XαY β) =






XαY β
∑
αi = m

∑
βi = l,

0

P ∈ Q[X,Y ] (j,k)

πj,k(P ) = P S Q[X,Y ] πj,j(P ) ∈ S

P ∈ S j,k

Sn



M Sn r,s ≥ 0 Mj,k = πj,k(M)

M =
⊕

j≥0, k≥0

Mj,k

M

Λn

Z[x1, . . . ,xn] n

X = x1, . . . ,xn Sn

σ.P (X) = P (σ.X),

σ ∈ Sn σ.X = xσ1 , . . . , xσn P

P (X) = σ.P (X),

σ ∈ Sn Λn = Z[x1, . . . , xn]Sn

n Λn

Λn =
⊕

k≥0

Λk
n,

Λk
n k n

λ $ k k ≥ n

mλ(x1,x2, . . . ,xn) =
∑

α∈Nn

xα,

α = (α1, . . . ,αn) (λ1,λ2, . . . ,λn)

mλ(x1, . . . ,xn) = 0 )(λ) > n



{mλ |)(λ) ≤ n} Λn Z

{mλ |)(λ) ≤ n λ $ k ≤ n} Λk
n Z

Λ

C (I, ≤)

∀x,y ∈ I,∃z ∈ I,x,y ≤ z

(Xi)i∈I C i ≤ j

ϕij : Xj −→ Xi ϕii = idXi i ≤ j ≤ k ϕki = ϕji ◦ ϕkj

(Xi)i∈I

C P ∈ Obj(C) (ϕi)i∈I ϕi : P −→

Xi

ϕij ◦ ϕi = ϕj ,∀i,j ∈ I.

Q ∈ Obj(C) (ψi)i∈I

ψ : Q −→ P

ψi = ϕi ◦ ψ,∀i ∈ I.

lim←−i∈I
Xi

Z k (Λk
n)n≥0

ρk
m,n : Λk

m −→ Λk
n

ρm,n : Λm −→ Λn,

n 0

mλ(x1, . . . ,xm) 6−→






mλ(x1, . . . ,xn) )(λ) ≤ n,

0 .



ρk
m,n k

m ≥ n ≥ k

Λk = lim←−
n≥0

Λk
n.

ρk
n : Λk −→ Λk

n

f = (fn)n≥0 6→ fn = fn(x1, . . . ,xn)

n ≥ k {mλ |λ $ k} Z

Λk

ρk
n(mλ) = mλ(x1, . . . ,xn),∀n ≥ k.

Λ =
⊕

k≥0 Λ
k Λ

Λ mλ λ

r ≥ 0 r

er = m1r =
∑

i1<i2<...<ir

xi1xi2 . . . xir ,

hr =
∑

|λ|=r

mλ =
∑

i1≤i2≤...≤ir

xi1xi2 . . . xir ,

pr = mr =
∑

xr
i .

f e,h p

fr

n ρn(fr)

ρn(er) = 0 r > n



Λ

Λ = Z[e1, e2, . . . ] er Z

Λ = Z[h1, h2, . . . ] hr Z

Λ⊗Z Q = Q[p1, p2, . . . ] pr Q

Q

Z

Λ

Λ = Λ⊗Z Q.

Λk

λ = (λ1,λ2, . . .)

eλ = eλ1eλ2 . . .

hλ = hλ1hλ2 . . .

pλ = pλ1pλ2 . . .

λ =
∏

j jmj

fλ =
∏

j f
mj

j f e h p

{eλ} {hλ} {pλ}

Λ {eλ |λ $ k} {hλ |λ $ k} {pλ |λ $ k}

Λk



α n (α1, . . . ,αn) ∈ Nn xα = xα1
1 xα2

2 . . . xαn
n

aα

aα(x1, . . . ,xn) = det(xαj

i )1≤i,j≤n =
∑

w∈Sn

ε(w)w.xα.

aα w ∈ Sn

w.aα = ε(w)aα,

αi

n

∆n = ∆n(x1, . . . ,xn) =
∏

1≤i≤j≤n

(xi − xj),

= det(xi−1
j )1≤i,j≤n

∆1 = 1

∆n = aδn(x1, . . . ,xn) δn = (n− 1, . . . 1,0)

λ n λ = (λ1, . . . ,λn)

λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 0.

)(λ) )(λ) ≤ n

λ+ δn = (λ1 + n− 1, . . . ,λn−1 + 1,λn).



n λ

sλ(x1, . . . , xn) =
aλ+δn(x1, . . . , xn)
aδn(x1, . . . , xn)

.

sλ(x1, . . . , xn) = 0 )(λ) > n

Sλ )(λ) ≤ n

x1, . . . ,xn |λ| {sλ(x1, . . . ,xn) |)(λ) ≤ n}

Λn {sλ(x1, . . . ,xn) |)(λ) $ k ≤ n} Λk
n

ρm,n : Λm −→ Λn

ρn+1,n(sλ(x1, . . . , xn+1)) = sλ(x1, . . . , xn).

)(λ)l(n) aλ+δn+1(x1,x2, . . . ,xn,0)

aλ+δn+1(x1, x2, . . . , xn, 0) = x1x2 . . . xn aλ+δn(x1, x2, . . . , xn)

λ+ δn+1 = (λ1 + n,λ2 + n− 1, . . . ,λn + 1,λn+1),

λ+ δn = (λ1 + n− 1,λ2 + n− 2, . . . ,λn).

sλ(x1,x2, . . . ,xn,0) =
x1x2 . . . xnaλ+δn(x1,x2, . . . ,xn)
x1x2 . . . xnaδn(x1,x2, . . . ,xn)

= sλ(x1,x2, . . . ,xn).

T λ

λ N



sλ =
∑

T

xT ,

T λ

{1,2, . . . ,n} xT =
∏

c∈λ xT (c)

h0 = 1 hr = 0

r < 0

sλ = det(hλi−i+j)1≤i,j≤n.

Ω(t) =
∑

r≥0 hrtr =
∏

i≥0
1

1−txi

E(t) =
∑

r≥0 ertr =
∏

i≥0 1 + txi

P (t) =
∑

r≥1 pr
tr

r =
∑

i≥1

∑
r≥1

xr
i
r tr

Ω(t)E(−t) = 1,
d
dt

P (t) =
Ω′(t)
Ω(t)

.

d
dt

P (t) =
∑

r≥1

prt
r−1 =

∑

i≥1

∑

r≥1

xr
i t

r−1,

=
∑

i≥1

xi

1− xit
=
∑

i≥1

d
dt

log
1

1− xit
,

=
d
dt

log
∏

i≥1

1
1− xit

.



n∑

r=0

(−1)rerhn−r = 0, n ≥ 1,

n∑

r=1

prhn−r = nhn, n ≥ 1,

er

ω : Λ −→ Λ

ω(er) = hr,

r ≥ 1

ω

ω(er) = hr, ω(eλ) = hλ,

ω(hr) = er, ω(eλ) = eλ,

ω(pr) = (−q)r−1pr, ω(pλ) = ελpλ,

ω(sλ) = sλ′ .

λ′ λ

ελ = (−1)|λ|−+(λ).

λ λ

λ

ξ1,ξ2, . . . ,ξq η1,η2, . . . ,ηr



k ∈ N σk =
∏

i(1 + ξit)|tk τk =
∏

i(1 + ηit)|tk

Pn q,r ≥ n

Pn(σ1, . . . ,σn,τ1, . . . ,τn) =
∏

i,j

(1 + ξiηjt)
∣∣
tn

Pn,m

q ≥ nm

Pn,m(σ1,σ2, . . . ,σnm) =
∏

1≤i1<i2<···<im≤q

(1 + ξi1ξi2 . . . ξimt)
∣∣
tn

.

λ A

λi : A −→ A i ∈ N

λ1(1) = 1 λk(1) = 0 k > 1

λ0(x) = 1 λ1(x) = x x ∈ A

λn(x + y) =
∑n

i=0 λ
i(x)λn−i(y)

λn(xy) = Pn(λ1(x),λ2(x), . . . ,λn(x),λ1(y),λ2(y), . . . ,λn(y)) x,y ∈ A

λn(λm(x)) = Pn,m(λ1(x), . . . ,λnm(x)) x ∈ A n,m ≥ 0

λ (Z,+,·) λn

λn(i) =
( i
n

)
xi

λk(xi) = 0 k > 1

x ∈ A

A λ λ

A[x] λk(x) = 0 k > 1

x1,x2,x3, . . .

λ Ω0 = Z Ω1 = Z[x1] Ω2 = Z[x1,x2] m ≥ n

ρm,n : Ωm −→ Ωn



ρm,n(xi) =






xi i ≤ n,

0 ,

Ω = lim←−
n≥0

Ωn.

λ

λ

{en(x1,x2, . . . ,xk)}k

en ∈ Ω λn(e1) = en Ω

Ωk Λ λ Ω e1 λn

en λ

Λ = Z[x1,x2, . . . ]

Λ

pk =
∑

xk
i

d
dx

log E(t) =
∑

n≥0

(−1)npn+1t
n =

d
dx

(−P (t)).

A λ

Ψn

d
dx

log
∑

n≥0

λn(x) =
∑

n≥0

(−1)nΨn+1(x)tn =
d
dx

(−P (t)).

ψn

λ

x,y λ A m,n ≥ 1

Ψn(1) = 1



Ψ0(x) = 1 Ψ1(x) = x

Ψn(x + y) = Ψn(x) + Ψn(y)

Ψn(xy) = Ψn(x)Ψn(y)

Ψn(λm(x)) = λm(Ψn(x))

Ψn(Ψm(x)) = Ψm(Ψn(x)) = Ψnm(x)

Ψ

λn

Ψ

pn ◦ pm = pnm Λ

q,t Q Q(q,t) Ψ

λ Ψn(R(q,t)) = R(qn,tn) R(q,t)

ΛQ(q,t) = Q(q,t) ⊗Z Λ λ

Ψ λ Ψ

λ λn(a⊗ 1) = λn(a)⊗ 1

λn(1⊗b) = 1⊗λn(b) λn(a⊗b) = λn((a⊗1)(1⊗b)) Ψn(a⊗b) = Ψn(a)⊗Ψn(b)

ΛQ = Λ⊗Z Q = Q[p1,p2,p3, . . . ]

pn Q

ΛQ(q,t) x1,x2, . . . Q(q,t)

Ψn n

q,t ΛQ

t1, t2, t3, . . .

E(t1, t2, . . . )

ΨnE(t1, t2, t3, . . . ) def== E(tn1 , tn2 , tn3 , . . . )



pnE[t1, t2, t3, . . . ] def== E[tn1 , tn2 , tn3 , . . . ]

F

F = Q[p1, p2, p3, . . . ],

F [E] = Q[p1, p2, p3, . . . ]|pn←pk[E].

Xn x1 + x2 + · · · + xn f ∈ Λn

f [Xn] = f(x1,x2, . . . ,xn).

X x1 + x2 + x3 + . . .

pk[A + B] = pk[A] + pk[B],

pk[A−B] = pk[A]− pk[b],

pk[AB] = pk[A]pk[B].

pk[−Xn] def== pk[Xn]|xi←−xi = (−1)kpk[Xn]

ω

ωpk[Xn] = (−1)k−1pk[Xn] = pk[−−Xn].



{Pµ(x; q,t)}µ

Pλ = sλ +
∑

µ<λ sµξµλ(q,t)

〈Pλ, Pµ〉q,t = 0 λ 2= µ

〈, 〉q,t q,t

〈pλ, pµ〉q,t =






zλpλ
[

1−q
1−t

]
λ = µ,

0 .

{Qµ(x; q,t)}µ

Qµ(x; q,t) =
hµ(q,t)
h′

µ(q,t)
Pµ(x; q,t)

{Pµ(x; q,t)}µ

Jµ(x; q,t) = hµ(q,t)Pµ(x; q,t),

= h′
µ(q,t)Qµ(x; q,t),

q,t Kλ,µ(q,t)

Jµ(x; q,t) =
∑

λ

sλ[X(1− t)]Kλ,µ(q,t).

Hµ(x; q,t) = Jµ[X/(1− t); q,t],

=
∑

λ

Kλµ(q,t)sλ.

H̃µ(x; q,t) = Hµ(x; q,1/t)tn(µ).



H̃µ(x; q,t)

K̃λµ

H̃µ(x; q,t) =
∑

λ

K̃λµ(q,t)sλ

q,t

K̃λµ(q,t) = Kλµ(q,1/t)tn(µ).

H̃µ

〈 , 〉∗

〈pλ,pµ〉∗ =






sgn(λ)zλpλ[(1− q)(1− t)] λ = µ,

0 ,

λ sgn(λ) = (−1)|λ|−+(λ)

〈H̃µ,H̃ν〉∗ =






h̃µ(q,t)h̃′
µ(q,t) µ = ν,

0 .

K̃λµ

∇

∇ {H̃µ(x; q,t)}µ

∇H̃µ(x; q,t) = TµH̃µ(x; q,t).

γ $ k λ = (n− k,γ) $ n

n− k γ γ1 ≤ n− k

kγ(x; q,t)

k

K̃λµ = kγ [Bµ(q,t); q,t].



λ γ

k′
γ(x; q,t) = ∇−1

(
sγ

[
1− −X

(1− q)(1− t)
− 1
])

.

K̃λ,µ(q,t) = k′
γ [Dµ(q,t); q,t].

k k

kγ [X] = k′
γ [(1− q)(1− t)X − 1].

∇

n = 2,3 4

λ\µ [2] [1,1]

[2] 0 −t q

[1,1] 1 t + q

sµ ∇(sλ) λ,µ $ 2

λ\µ [3] [2,1] [1,1,1]

[3] 0 t2 q2 (t + q) t2 q2

[2,1] 0 −(t + q) t q −(t2 + t q + q2) t q

[1,1,1] 1 t2 + t q + q2 + t + q t3 + t2 q + t q2 + q3 + t q

sµ ∇(sλ) λ,µ $ 3



λ\µ [4] [3,1] [2,2] [2,1,1] [1,1,1,1]

[4] 0 −t3 q3 −t3 q3



 1 0

0 1



 −t3 q3





1 0 0

1 1 0

0 1 1




−t3 q3





1 0 0 0

0 1 0 0

0 1 1 0

0 0 0 1





[3,1] 0 t2 q2



 1 0

0 1



 t2 q2





1 0 0

0 1 0

0 0 1




t2 q2





1 0 0 0

1 1 0 0

0 2 1 0

0 0 1 1




t2 q2





1 0 0 0 0

0 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 0 1





[2,2] 0 −t2 q2 0 −t2 q2



 1 0

0 1



 −t2 q2



 0 1

0 0





[2,1,1] 0 −t q





1 0 0

0 1 0

0 0 1




−t q





1 0 0 0

0 1 0 0

0 1 1 0

0 0 0 1




−t q





1 0 0 0 0

1 1 0 0 0

0 2 1 0 0

0 0 2 1 0

0 0 0 1 1





−t q





1 0 0 0 0 0

0 1 0 0 0 0

0 1 1 0 0 0

0 0 1 1 0 0

0 0 0 1 1 0

0 0 0 0 0 1





[1,1,1,1] 1





1 0 0 0

1 1 0 0

1 1 1 0

0 1 1 1









1 0 0 0 0

0 1 0 0 0

1 1 1 0 0

0 1 1 1 0

0 0 1 0 1









1 0 0 0 0 0

1 1 0 0 0 0

1 2 1 0 0 0

0 2 2 1 0 0

0 1 2 2 1 0

0 0 0 1 1 1









1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 1 1 0 0 0 0

0 1 1 1 0 0 0

0 0 1 1 1 0 0

0 0 0 1 1 1 0

0 0 0 0 0 0 1





sµ ∇(sλ) λ,µ $ 4



Rn Z

Sn R = ⊕n≥0Rn R0 = Z R

Rm ×Rn −→ Rm+n

f · g def== (f × g)↑Sm+n

Sm×Sn
,

f, g ∈ R f =
∑

n fn g =
∑

n gn

〈f, g〉 =
∑

n≥0

〈fn, gn〉Sn
.

F : R −→ Λ⊗Z C,

F(f) def==
1
n!

∑

σ∈Sn

f(σ)ptype(σ),

=
∑

µ+n

fµpµ

zµ
,

fµ f µ

F(χλ) = sλ

F λ

M ⊆ Q[X, Y ] Sn

Mi, j
def== πi, j(M)

(i, j)

M =

⊕i, jMi, j q,t

Fq,t(M) def==
∑

i, j

qitjF
(
χMi, j

)
.

Sn Mµ

H̃µ[X; q, t]



Q[X,Y ]

(a,b) N2

(a
b

)
a

x b y B(k
j)

def== (k+j)!
k!j!

(0
0

)

(a
b

)
,
(c
d

) (a
b

)
>dlex

(c
d

)

a + b > c + d






a + b = c + d

a > c.

(a
b

)
≥dlex

(c
d

) (a
b

)
+
(m

n

)
≥dlex

(c
d

)
+
(m

n

)

(a1
b1

)
,
(a2

b2

)
,
(c1
d1

) (c2
d2

) (a1
b1

)
≥dlex

(a2
b2

) (c1
d1

)
≥dlex

(c2
d2

) (a1
b1

)
+
(c1
d1

)
≥dlex

(a2
b2

)
+
(c2
d2

)



dlex Z2

Z2

∀
((a

b

)
,
(c
d

))
,
{(a

b

)
≥dlex

(c
d

)
⇐⇒ ∃!

(m
n

)
≥dlex

(0
0

)
,
(a

b

)
=
(c
d

)
+
(m

n

)}
.

!

u =
(u1
u2

)
u

λ = (λ1,λ2,λ3, . . . )

dlex

u

λ $ u λ u

u ℘u

℘

Z2

(0
0

)

λ $ u >dlex

(0
0

)

℘u u

>L u

℘u

λ >L µ ⇐⇒ ∃(j ≥ 1),(λj >dlex µj ∀(i < j),λi = µi).

λ µ

Ln

(3
2

)
>L

(a
b

) (a
b

) def== a + b λ $
(u1
u2

)
λ = λ1λ2λ3 . . .

(λ) def== (λ1) (λ2) (λ3) . . . sm
(u1
u2

)



(3
2

) (3
1

0
1

) (2
2

1
0

) (3
0

0
2

)

(3
0

0
1

0
1

) (2
1

1
1

) (2
1

1
0

0
1

) (1
2

2
0

)

(1
2

1
0

1
0

) (2
0

1
1

0
1

) (2
0

0
2

1
0

) (2
0

1
0

0
1

0
1

)

(1
1

1
1

1
0

) (1
1

1
0

1
0

0
1

) (0
2

1
0

1
0

1
0

) (1
0

1
0

1
0

0
1

0
1

)

℘(3
2)

>dlex

sm
(3

0
0
1

0
1

)
= 311

(2
1

1
1

)
= 32 311 <Ln 32

λ,µ ∈ ℘u

℘u λ" µ

∀i ≥ 1,λ1 + · · · + λi ≥dlex µ1 + · · · + µi.

℘(3
2)

λ,µ ∈ ℘u l

m ℘u λ ≥R µ

f : [m] −→ [l]

∀1 ≤ i ≤ l, λi =
∑

f(j)=i

µj .

∃
(
{µ(i) $ λi}1≤i≤l

)
,µ = ∪iµ

(i).



(2
1

2
1

2
1

1
1

1
1

1
1

1
0

0
1

0
1

0
1

)
≤R

(3
1

2
2

2
1

2
1

1
1

0
1

0
1

)

(2
1

1
1

)
$
(3
1

)
,

(1
1

1
1

)
$
(2
2

)
,

(2
1

)
$
(2
1

)
,

(2
1

)
$
(2
1

)
,

(1
0

0
1

)
$
(1
1

)
,

(0
1

)
$
(0
1

)
,

(0
1

)
$
(0
1

)
.

λ,µ ∈ ℘u

λ ≥R µ

(1)
⇒
! λ" µ

(2)
⇒
! λ ≥dlex µ.

>dlex λ µ

l m f : [m] −→ [l]

1 ≤ i ≤ l λi =
∑

f(j)=i µj 1 ≤ k ≤ l Ik = f([k])

1 ≤ k ≤ l

µ1 + · · · + µk ≤dlex

∑

j∈Ik

λj ≤dlex λ1 + · · · + λk.

λ µ

u µ # λ

!



X = {x1,x2, . . . }

Y = {y1,y2, . . . } S∞ =

∪i≥1Si

σ ∈ S∞

σ $ f(x1,x2,x3, . . . ; y1,y2,y3, . . . ) = f(xσ(1),xσ(2),xσ(3), . . . ; yσ(1),yσ(2),yσ(3), . . . ).

f ∈ Q[[X,Y ]]

S∞ M

M

Mi =
⋃

u=(u1
u2)

(u)=i

Mu

Mu f u

f u1 X u2

Y

α =
[(a1

b1

)
,
(a2

b2

)
,
(a3

b3

)
, . . .

]
.

Mα

Mα = xa1
1 xa2

2 xa3
3 . . . yb1

1 yb2
2 yb3

3 . . . .

λ u mλ

mλ
def==
∑

α

Mα,

α

λ



{mλ} λ u

Mu

λ =

λ1λ2 . . .

pλ
def== pλ1pλ2 . . .

p(a
b)

def==
∑

j

xa
jy

b
j = m(a

b).

(a
b

)
e(a

b)
∑

(a
b)

e(a
b)s

atb =
∏

i

(1 + xis + yit),

e(0
0) = 1 λ = λ1λ2 . . .

eλ
def== eλ1eλ2 . . . .

(a
b

)
h(a

b)
∑

(a
b)

h(a
b)s

atb =
∏

i

1
1− xis− yit

,

h(0
0) = 1 H(s,t) def==

∏
i

1
1−xis−yit

λ = λ1λ2 . . .

hλ
def== hλ1hλ2 . . . .

h(q
r)

h(q
r) =

∑

λ=

(
a1
b1

a2
b2

a3
b3

...

...

)

|λ|x=q
|λ|y=r

Bλmλ,

Bλ
def== B(a1

b1
)B(a2

b2
)B(a3

b3
) . . .



M∆

∆

M∆ ∆

M∆ = L∂ [∆] = L∂ [∂p
X∂

q
Y ∆(X; Y )].

∆

M∆ ⊂ Q[X,Y ] Sn M∆ I∆

M∆

I∆ = {Q(X; Y )|Q(∂X ; ∂Y )P = 0}.

Q[X,Y ]

〈P, Q〉 = P (∂X ; ∂Y )Q(X; Y )|X=Y =0 .

M⊥
∆ = I∆.

Q ∈M⊥
∆ p,q

〈
Q, ∂p

X∂
q
Y ∆(X; Y )

〉
= 0

Q(∂X∂Y )∂p
X∂

q
Y ∆(X; Y )

∣∣
X=Y =0

= 0

Q(∂p
X∂

q
Y )∆(X; Y )

V ⊂ Q[X,Y ]

Q[X,Y ] = V ⊕ V ⊥ V ⊥⊥ = V M∆ = I⊥∆

∆ ∈ Q[X,Y ]

flip∆ : M∆ −→M∆

flip∆P (X; Y ) = P (∂X ; ∂Y )∆(X; Y ).



flip∆ M∆

Sn P (X; Y )

∆(X; Y )

P1(∂X ; ∂Y )∆(X; Y ) = P2(∂X ; ∂Y )∆(X; Y )

(P1 − P2)(∂X ; ∂Y )∆(X; Y ) = 0 P1 − P2 ∈ I∆ = M⊥
∆ P1 − P2 = 0

V ⊂ Q[X,Y ] ∆ B Q[X,Y ]/I∆

V

B∗ = {b(∂X ; ∂Y )∆ | b ∈ B}

V

!



d N×N

(a,b) ∈ d

b + 1 a + 1

d = {(0,2), (1,0), (1,1), (2,1)}

(2,1)(1,1)

(0,2)

(1,0)

d = {(a1,b1),(a2,b2), . . . ,(an,bn)}.

∆d = ∆d(X; Y ) def== det(xaj

i y
bj

i )1≤i,j≤n,

X = x1,x2, . . . ,xn Y = y1,y2, . . . ,yn ∆d

|a| = a1 + . . . + an X |b| = b1 + . . . + bn Y

d

X Y



d = {c1, . . . ,cn} D = {C1, . . . ,Cn}

ci = (ai,bi) zci
j ∂zci

j xai
j ybi

j

(∂/∂xj)ai (∂/∂yj)bi

mλ[Xn; Yn]

Xn = x1 + · · · + xn Yn = y1 + · · · + yn c = (a,b) C = (m,n)

(C)c

(a)m(b)n = a(a− 1) . . . (a−m + 1)b(b− 1) . . . (b− n + 1).

(C)c C − c N× N

d D n

∆d(∂)∆D

∆d(∂)∆D =
∑

λ

∑

ρ

ε(ρ) bλ,ρmλ[Xn; Yn],

λ $
∑

Ci−
∑

ci

ρ ∈ Sn {Ci − cρ(i)|i = 1, . . . ,n}

λ bλ,ρ

∏
m(a

b)!
∏

i

(Ci)cρ(i)

m(a
b)

(a
b

)
λ

∆d(∂)∆D =

(
∑

σ∈Sn

ε(σ)
∏

i

∂z
cσ(i)

i

)(
∑

τ∈Sn

ε(τ)
∏

i

zCi
τ(i)

)
,

=
∑

σ,τ∈Sn

ε(σ · τ)
∏

i

z
Ci−cσ(τ(i))

τ(i) (Ci)cσ(τ(i))
,

=
∑

ρ,τ∈Sn

ε(ρ)
∏

i

z
Ci−cρ(i)

τ(i) (Ci)cρ(i)
,

=
∑

λ

∑

ρ∈Sn

ε(ρ)
∏

m(a
b)!
∏

i

(Ci)cρ(i)
mλ[Xn; Yn].

!



d = {c1,c2,c3,c4} D = {C1,C2,C3,C4}

c1 = (0,0), C1 = (0,2),

c2 = (0,1), C2 = (1,0),

c3 = (1,0), C3 = (1,1),

c4 = (1,2), C4 = (1,2).

∆d(∂)∆D = 8m(1000
1100) − 8m(1000

0110) − 4m(0100
2000).

(a,b) ∈ d (−a, − b)

ρ −cρ(i) Ci D

2314 2134 1324

µ = µ1 ≥ µ2 ≥ . . . ≥ µk > 0 n

{(i,j) |0 ≤ j ≤ k − 1,0 ≤ i ≤ µi+1 },



µ

q t

µ $ n k s = (α,β)

aµ(s) lµ(s)

a′µ(s) l′µ(s)

aµ(s) = µβ+1 − α− 1,

lµ(s) = µ′
α+1 − β − 1,

a′µ(s) = α,

l′µ(s) = β.

s µ

µ

s Z× Z

s
a(s)

l’(s)

l(s)

a’(s)



n(µ) =
n∑

i=1

(i− 1)µi =
∑

s∈µ

l′µ(s) =
∑

s∈µ

lµ(s),

n(µ′) =
n∑

i=1

(i− 1)µ′
i =

∑

s∈µ

a′µ(s) =
∑

s∈µ

aµ(s),

Tµ(q,t) = tn(µ)qn(µ′) =
∏

s∈µ

qa′
µ(s)tl

′
µ(s),

M = (1− t)(1− q) M̃ = (1− 1/t)(1− 1/q),

Bµ(q,t) =
∑

s∈µ

qa′
µ(s)tl

′
µ(s),

Dµ(q,t) = MBµ(q,t)− 1,

Πµ(q,t) =
∏

s∈µ/(0,0)

(1− qa′
µ(s)tl

′
µ(s)),

h̃µ(q,t) =
∏

s∈µ

(qaµ(s) − tlµ(s)+1),

h̃′
µ(q,t) =

∏

s∈µ

(tlµ(s) − qaµ(s)+1),

cµν(q,t) =
∏

s∈Rµν

tlµ(s) − qaµ(s)+1

tlν(s) − qaν(s)+1

∏

s∈Cµν

qaµ(s) − tlµ(s)+1

qaν(s) − tlν(s)+1
,

dµν(q,t) =
∏

s∈Rµν

qaν(s) − tlν(s)+1

qaµ(s) − tlµ(s)+1

∏

s∈Cµν

tlν(s) − qaν(s)+1

tlµ(s) − qaµ(s)+1
,



Rµν Cµν µ/ν

Eµ(q,t) =
∑

i≥1

qµiti−1,

µi = 0 i ≥ l(µ)

E′
µ(q,t) = Eµ(q,1/t),

µ(q,t) =
n∑

i=1

t−n+iq−µi ,

µ

s = (α,β) µ (α + 1,β) 2∈ µ (α,β + 1) 2∈ µ A1, . . . ,Am

µ A0 = (−1, − 1) Bk

Ak Ak+1

m B1, . . . ,Bm−1

A0 B0 Bm µ

s = (α,β) ∈ Z × Z tl
′(s)qa′(s) =

tβqα x0, . . . ,xm u0, . . . ,um A0, . . . ,Am

B0, . . . ,Bm



 

B

1

1 2

2 3

3 4

4

B

0

A

B A
A

B A
B

0

A

P ∈ Λ

HmP [X] = P [X − 1
z
]Ω[zX]|zm .

λ = (λ1, . . . ,λn) λ1 ≥ . . .λn ≥ 0

sλ[X] = Hλ1Hλ2 . . .Hλn · 1.

Ω[zXn] =
n∏

i=1

1
1− zxi

=
n∑

i=1

Ai(x)
1

1− zxi
,

Ai(x) =
xn−1

i∏n
j=1
j -=i

(xi − xj)
.



P ∈ Λ

D(n)
1 P [Xn] =

n∑

i=1

Ai(x; t)T (i)
q P [Xn],

Ai(x; t) =
∏n

j=1
j -=i

txi−xj

xi−xj
T (i)

q xi ← qxi P ∈ Λ

D(n)
1 P [Xn] =

1
1− t

P [Xn]− tn

1− t
P [Xn −

1− q

z
]Ω[z(1− 1/t)Xn]

∣∣∣∣
z0

.

Ω[(1− 1/t)zXn] =
n∏

i=1

1− zxi/t

1− zxi
=

1
tn

+
t− 1
tn

n∑

i=1

Ai(x; t)
1− zxi

.

n = 2

Ω[z(x1 + x2)] =
x1

x1 − x2
· 1
1− zx1

+
x2

x2 − x1
· 1
1− zx2

,

= Ω
[
x2

x1

]
Ω[zx1] + Ω

[
x1

x2

]
Ω[zx2],

= Ω
[
x2

x1

]
Ω[zx1]−

x2

x1
Ω
[
x2

x1

]
Ω[zx2],

Ω
[

x1
x2

]
= −x2

x1
Ω
[

x2
x1

]
Ω
[

x2
x1

]

(
x2
x1

)k
k ≥ 0 x1 k x2

hm(x1)

Ω[zx1] zm

hm(x1) = xm
1

Ω
[

x2
x1

]

6−→ xm
1 + xm−1

1 x2 + xm−2
1 x2

2 + · · · + xm
2 +

xm+1
2

x1
+ . . .

hm(x2) = xm
2

−x2
x1

Ω
[

x2
x1

]

6−→ xm+1
2

x1
+

xm+2
2

x2
1

+ . . .

hm[x1 + x2] = xm
1 + xm−1

1 x2 + · · · + xm
2 n = 3

Ω[zX3] = Ω
[
X3 − x1

x1

]
Ω[zx1] + Ω

[
X3 − x2

x2

]
Ω[zx2]Ω

[
X3 − x3

x3

]
Ω[zx3],



Ω
[
X3 − x1

x1

]
= Ω

[
x2

x1

]
Ω
[
x3

x1

]
,

Ω
[
X3 − x2

x2

]
= −x2

x1
Ω
[
x2

x1

]
Ω
[
x3

x2

]
,

Ω
[
X3 − x3

x3

]
=

x3

x1
Ω
[
x3

x1

]
x3

x2
Ω
[
x3

x2

]
.

x2

x1

x3
x1

hm(x1)

hm(x2)

hm(x3)

hm[X3]

m

2

3x

x

x1
m

m

Ω[tXn] =
n∑

i=1

Ω
[
Xn − xi

xi

]
Ω[txi].

Ω[
1
x

] = −xΩ[x].



ξ1, . . . ,ξp

ξ1ξ2 . . . ξp

∑

k≥0

tk
∑

p≥i≥1

(ξi+1 . . . ξp)k

(1− ξi+1)(1− ξi+1ξi+2) . . . (1− ξi+1ξi+2 . . . ξi+p−1)

= 1 + (−1)p−1 ξ2ξ23 . . . ξp−1
p tp

(1− ξ2 . . . ξpt)(1− ξ3 . . . ξpt) . . . (1− ξpt)(1− t)
,

t p

Ω(x) p = 3

p = 3
∑

k≥0

(
1

(1− ξ1)(1− ξ1ξ2)
+

ξk3
(1− ξ3)(1− ξ3ξ1)

+
ξk2ξ

k
3

(1− ξ2)(1− ξ2ξ3)

)
tk

= 1 + (−1)2
ξ2ξ23t

3

(1− ξ2ξ3t)(1− ξ3t)(1− t)
.

Ω
[
1
t

(
1
x1

+
1
x2

+
1
x3

)]
= 1− Ω[t(x1 + x2 + x3)].

1− Ω[t(x1 + x2 + x3)] =

Ω
[
x2 + x3

x1

]
Ω
[

1
x1t

]
+ Ω

[
x1 + x3

x2

]
Ω
[

1
x2t

]
+ Ω

[
x1 + x2

x3

]
Ω
[

1
x3t

]
.

ξ1 ← x2
x1
ξ2 ← x3

x2
ξ3 ← x1

x3

t← 1
x1t ξ1ξ2ξ3 = 1

!

x0,x1, . . . ,xm

u0,u1, . . . ,um

x0 x1 . . . xm

u0 u1 . . . um
= 1.



∂p1H̃µ =
1
M̃

m∑

i=1

1
xi

∏m
s=0(us − xi)∏m
s=0
s-=i

(xs − xi)
H̃ν(i) ,

M̃ = (1− 1/t)(1− 1/q) ν(i) µ

i xi



Sn An−1

Q[X]

〈P, Q〉 def== P (∂)Q(X)|X=0 ,

P (∂x1 ,∂x2 , . . . ,∂xn)

Q(x1,x2, . . . ,xn)

Hn
def== {P ∈ Q[X] | f(∂X)P (X) = 0, ∀f(X) } ,

= {P ∈ Q[X] |
n∑

i=1

∂xk
i P (X) = 0, 1 ≤ k ≤ n}.

∆n =
∏

1≤i≤j≤n

(xi − xj),

= det(xi−1
j )1≤i,j≤n



Hn

L∂ [∆n(X)] ⊆ Hn

Hn ∆n(X)

Hn = L∂ [∆n(X)],

n! Sn Hn

Hn

V

( , ) s V

α −α Hα α s = sα

ν

sαν = ν − 2(ν,α)
(α,α)

α.

W GL(V ) V

n

V R
def== S(V ∗)

V ∗ R Q[X] X x1,x2, . . . ,xn

G GL(V ) G R

Q g ∈ G v ∈ V f ∈ V ∗

(g.f)(v) def== f(g−1v).

f ∈ R G g.f = f RG

G Q RG

x2
1 + x2

2 + · · · + x2
n



RG RG
+

G

HG
def== (RG

+)⊥ Hn

P ∈ HG
n∑

i=1

∂2
xi

P = 0.

P (X) G

f(∂X)P (X) = 0

f(X) HG

G

HG Q[X]

HG = ⊕d≥0H
(d)
G ,

H(d)
G G a V

[a] def== {g.a | g ∈ G} G {id}

J[a]
def== {P (X) | P (g.a) = 0,∀g ∈ G} ,

G

J[a]

P J h(P )

grJ def== (h(P ) |P ∈ J),

H[a]
def== (grJ[a])⊥.



G ∆G

αρ ρ

∆G =
∏

ρ∈G

αρ,

G g ∈ G

g.∆G = ε(g)∆,

ε(g) −1 g

g Sn

∆G G Sn

∆Sn = ∆n,

G G HG

G

dimHG = |G|.

Q[X] Q[X]G

Q[X] ; Q[X]G ⊗HG.

HG ⊆ L∂ [∆G] ⊆ H[a] ⊆ HG,

a IG Q[X] RG
+

Q[X]G G

Q[X]G = Q[X]/IG.



IG Q[X]G

Q[X]G ; HG

G Hn
def== HSn

FHn(q) def==
∑

d≥0

qd 1
n!

∑

σ∈Sn

χH(d)
n

(σ)pλ(σ)

FHn(q) =
n∏

k=1

(1− qk)




∑

λ+n

1
zλ

+(λ)∏

i=1

pλi

1− qλi



 ,

= (q; q)nhn

[
X

1− q

]
.

Q[X]S3

qdeg

∆3 = (x1 − x2)(x1 − x3)(x2 − x3) q3

∂x1∆3 = (x2 − x3)(2x1 − x2 − x3) q2

∂x2∆3 = (x1 − x3)(−2x2 + x1 + x3) q2

∂x2
1∆3 = 2(x2 − x3) q

∂x1∂x2∆3 = 2(x1 − x2) q

∂x2
1∂x2∆3 = 2 + 1

q3 + 2q2 + 2q + 1

y = y1,y2, . . . ,yn

P (X,Y )

f(∂X,∂Y )P (X,Y ) = 0

f(X,Y )

DHn



DHn

DHn = ⊕c,d≥0DH(c,d)
n ,

DH(c,d)
n Sn

DHn

(n + 1)(n−1)

∇(en)

∇

DHn

∇

DHn en

FDHn(q,t) q,t

FDH1(q,t) = s1,

FDH2(q,t) = s2 + (q + t)s11,

FDH3(q,t) = s3 + (q2 + qt + t2 + q + t)s21 + (q3 + qt2 + q2t + q3 + qt)︸ ︷︷ ︸
q,t

s111.

Sn × Sn

H = HSn×Sn

∆n(X)∆n(Y ) =
∏

1≤i<j≤n

(xi − xj)
∏

1≤i<j≤n

(yi − yj)

FSn×Sn
H (q,t) = (q; q)n(t; t)nhn

[
X

1− q

]
⊗ hn

[
Y

1− t

]
.



Sn Sn×Sn

Sn HSn×Sn

DHn ↪→ HSn×Sn

Sn

FSn×Sn(q,t) = (q; q)n(t; t)nhn

[
X

(1− q)(1− t)

]
.

FS1×S1(q,t) = s1,

FS2×S2(q,t) = (qt + 1)s2 + (q + t)s11,

FS3×S3(q,t) = (q3t3 + q2t2 + q2t + qt2 + qt + 1)s3

+ (q3t2 + q2t3 + q3t + q2t2 + qt3 + q2t + qt2 + q2 + qt + t2 + q + t)s21

+
(
q2t2+ q3 + qt2 + q2t + q3 + qt︸ ︷︷ ︸

q,t

) s111.

MD
def== L[∆D],

D N × N

σ ∈ Sn

σP (X; Y ) = P (xσ1 ,xσ2 , . . . ,xσn ; yσ1 ,yσ2 , . . . ,yσn).



∆D = ∆D(X; Y ) MD

Q[X,Y ] ∆D MD

Hr,s[MD] r

X s Y

MD =
|p|⊕

r=0

|q|⊕

s=0

Hr,s[MD].

MD

Fq,t(MD) = CD(X; q,t) def==
|p|∑

r=0

|q|∑

s=0

trqsF(χHr,s[MD]),

χHr,s[MD] Hr,s[MD] F

χλ sλ n!

µ CD(x; q,t)

H̃µ(X; q,t) µ

n!

D MD

Sn

µ n+1 µ/ij

(i,j) µ (i,j)

µ/ij

Mµ/ij (i,j)

{(s,t) ∈ µ : s ≥ i,t ≥ j}

Cµ/ij Mµ/ij

Cµ/ij =
t+ − qa+1

t+ − qa
Cµ/i,j+1 +

t++1 − aq

t+ − qa
Cµ/i+1,j −

t++1 − qa+1

t+ − qa
Cµ/i+1,j+1,

) a (i,j)

µ Cµ/i,j+1 Cµ/i+1,j Cµ/i+1,j+1



(i,j + 1) (i + 1,j) (i + 1,j + 1)

µ (i,j) µ µ/ij

ν

Cµ/ij = H̃ν .

(i,j) ∈ µ H̃µ/ij = Cµ/ij

Kx
ij

def== kerDX

DX : Mµ/ij −→Mµi+1,j ,

DX
def== ∂x1 + ∂x2 + . . . + ∂xn

DX∆µ/ij =cte ∆µ/i+1,j .

=cte

Ky
ij

def== kerDY DY
def== ∂y1 + ∂y2 + . . . + ∂yn Kxy

ij
def==

ker(DXDY )

Kx
ij

def== Fq,tKx
ij , Ky

ij
def== Fq,tK

y
ij Kxy

ij
def== Fq,tK

xy
ij .

Kxy
ij =

t++1 − qa

t++1 − qa+1
qKx

ij +
t+ − qa+1

t++1 − qa+1
tKy

ij .

Dh
x =

∑n
i=1 ∂x

h
i Dk

y =
∑n

i=1 ∂y
k
i Dhk =

∑n
i=1 ∂x

h
i ∂y

k
i

Dh
xDk

yMµ/ij = DhkMµ/ij = Mµ/i+h,j+k

Mµ/i′j′ ⊆Mµ/ij i′ ≥ i j′ ≥ j



DX = D1
x : Mµ/ij −→ Mµ/i+1,j

Kx
ij Ky

ij

DY = D1
y : Mµ/ij −→Mµ/i,j+1 Kxy

ij DXY = D1
xD1

y : Mµ/ij −→Mµ/i+1,j+1

Kx
ij Ky

ij Kxy
ij

Mµ/i+1,j
∼= Mµ/ij/Kx

ij ,

Cµ/i+1,j =
Cµ/ij −Kx

ij

t
.

t x t

DX

Cµ/i,j+1 =
Cµ/ij −Ky

ij

q
,

Cµ/i+1,j+1 =
Cµ/ij −Kxy

ij

qt
,

Cµ/ij =
t+ − qa+1

t+ − qa

(
Cµ/ij −Ky

ij

q

)
+

t++1 − aq

t+ − qa

(
Cµ/ij −Kx

ij

t

)

− t++1 − qa+1

t+ − qa

(
Cµ/ij −Kxy

ij

qt

)
,

qt(t+ − qa)Cµ/ij = {t(t+ − qa+1) + q(t++1 − aq)− (t++1 − qa+1)}Cµ/ij

+ {−t(t+ − qa+1)Ky
ij − q(t++1 − aq)Kx

ij + (t++1 − qa+1)Kxy
ij }

Cµ/ij

(t++1 − qa+1)Kxy
ij − t(t+ − qa+1)Ky

ij − q(t++1 − aq)Kx
ij = 0,



t+ qa

qt

t+
{

Kx
ij −

Kxy
ij −Ky

ij

q

}
= qa

{
Ky

ij −
Kxy

ij −Kx
ij

t

}
.

Ax
ij

def== Kx
ij −

Kxy
ij −Ky

ij

q
,

Ay
ij

def== Ky
ij −

Kxy
ij −Kx

ij

t
.

t+Ax
ij = qaAy

ij ,

Ax
ij = Kx

ij −Kx
i,j+1 Ay

ij = Ky
ij −Ky

i+1,j

Ax
ij Kx

ij/K
x
i,j+1

Ax
ij Ay

ij

Kx
i,j+1 =

Kxy
ij −Ky

ij

q

Ky
i+1,j =

Kxy
ij −Kx

ij

t
.

Kxy
i,j = {P ∈Mµ/ij |DXY (P ) = 0},

= {P ∈Mµ/ij

∣∣DY (P ) = 0 ∃Q ∈Mµ/i,j+1 \ {0},DY P = Q ∈ kerDX },

= Ky
i,j ⊕ {0} ∪D−1

Y (Kx
i,j+1 \ {0}).

Kxy
i,j = Ky

i,j + qKx
i,j+1

!



c = (i,j)

Ξi,j =






H̃ν a(µ)(c) = l(µ)(c) = 0,

qa−tm

qa−tl
Ξi+1,j + qb−tl

qa−tl
Ξi,j+1 − qb−tm

qa−tl
Ξi+1,j+1 ,

Ξi,j = 0 c /∈ µ

a = b l = m

Ξi,j =






Ξi+1,j l = m,

Ξi,j+1 a = b.

a(µ)(i + 1,j) = a− 1,

l(µ)(i,j + 1) = l − 1,

a(µ)(i + 1,j + 1) = b− 1,

l(µ)(i + 1,j + 1) = m− 1.

Ax
i,j = qaijΞi,j Ay

i,j = tlijΞi,j

qa − tl

Ax
i,j −Ay

i,j = (qAx
i+1,j −Ay

i+1,j) + (Ax
i,j+1 − tAy

i+1,j)− (qAx
i+1,j+1 − tAy

i+1,j+1).



a = b l = m

(Ax
i,j −Ax

i,j+1)− q(Ax
i+1,j −Ax

i+1,j+1) = (Ay
i,j −Ay

i+1,j)− t(Ay
i,j+1 −Ay

i+1,j+1).

a)x Cµi,j = Kx
ij + tCµ/i+1,j ,

a)y Cµi,j = Ky
ij + qCµ/i,j+1,

b)x Kx
i,j = Ax

i,j + Kx
i,j+1,

b)y Ky
i,j = Ay

i,j + Ky
i+1,j ,

Kµ′
i+1,i = 0 = Ki,µi+1 ,

Kµ′
i+1,i = {0} = Ki,µi+1

Cµ/ij = Kx
ij + tKx

i+1,j + . . . + tlijKµ′
j+1−1,j

lij = µ′
j+1 − i− 1 (i,j)



Pn(q) =
∑

ρ

q|ρ|,

ρ′ = ρ′1 > ρ′2 > · · · > ρ′n ≥ 0 n

ρ n− 1,n− 2, . . . ,1

Pn(q) =
q(

n
2)

∏n
i=1(1− qi)

1∏n
i=1(1− qi)

λ′ = (λ′1 ≥ λ′2 ≥ · · · ≥

λ′n ≥ 0) λ λk ≤ n k )(λ)

δ′n = δn
def== (n−1,n−2, . . . ,1) $

(n
2

)

ρ′ ρ′ = λ′+δ′n ρ′k = λ′k +n−k

δn λ ρ

ρ = λ ∪ δn

Pn(q) = Pn−1(q)
(

qn−1

1− qn

)
P1(q) = (1− q)−1.



λ′ = (λ′1 ≥ λ′2 ≥ · · · ≥ λ′n ≥ 0) λk ≤ n )(λ)

Pn(q)

N × N

ρ′ Pn(q) n

N× N

ρ′ ⇐⇒ d = {(ρ′n,0),(ρ′n−1,0), . . . ,(ρ
′
1,0)}.

ρk = # {(c1,c2) ∈ d | c1 > k} .

Pn(q) Pn(q,t)

Pn(q,t) def==
∑

d⊂N×N
|d|=n

w(d)

w(d) =
∏

c∈d qc1tc2 ρ η

n

ρk = # {(c1,c2) ∈ d | c1 > k} ,

ηk = # {(c1,c2) ∈ d | c2 > k}

k ρ η

d d ρ η

d

ρ η



k

j , s
r

b , u

k , a

u
s
r

a
b

j
k

u

a

b

j
r
s

{d ⊂ N× N | |d| = n}

(σ,λ,µ) σ ∈ Sn λ,µ

n

w(d) = qcomaj(σ)tcomaj′(σ−1)q|λ|t|µ|.

d ⊂ N × N |d| = n

Pn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qcomaj(σ)tcomaj′(σ−1)

∏n
i=1(1− qi)(1− ti)

,

=
∑
σ∈Sn

qmaj(σ)tmaj′(σ−1)

∏n
i=1(1− qi)(1− ti)

.

σ = σ1, . . . ,σn ∈ Sn σ D(σ)

D(σ) def== {i | σi > σi+1,1 ≤ i ≤ n− 1} .



A(σ)

A(σ) def== {i | σi < σi+1,1 ≤ i ≤ n− 1} ,

= [n− 1] \ D(σ).

maj(σ) def==
∑

i∈D(σ)

i,

maj′(σ) def==
∑

i∈A(σ)

i,

comaj(σ) def==
∑

i∈D(σ)

n− i,

comaj′(σ) def==
∑

i∈A(σ)

n− i.

∑

σ∈Sn

qmaj(σ)tmaj(σ−1) =
∑

σ∈Sn

qcomaj(σ)tcomaj(σ−1),

∑

σ∈Sn

qmaj(σ)tmaj′(σ−1) =
∑

σ∈Sn

qcomaj(σ)tcomaj′(σ−1).

σ ∈ Sn

w0σ = n + 1− σ1, . . . , n + 1− σn,

σw0 = σn, . . . ,σ1,

w0σw0 = n + 1− σn, . . . , n + 1− σ1.

w0 = n, n − 1, . . . ,1



maj(w0σ) = maj′(σ),

comaj(w0σ) = comaj′(σ),

maj(σw0) = comaj′(σ),

comaj(σw0) = maj′(σ),

maj(w0σw0) = comaj(σ),

maj′(w0σw0) = comaj′(σ).

σ 6→ w0σw0

!

N×N

α β d ⊂ N×N

O1,O2 N × N (α,β) (O1,O2)

(O1,O2)

α <O1 β 2 ∃γ ∈ d, α <O1 γ <O1 β α β d

O1

α >O2 β α <O2 β

d c1 <O1 · · · <O1 cn O1

d

DESCO1,O2(d) def== {i | ci >O2 ci+1} .

MONTO1,O2(d) def== {i | ci <O2 ci+1} .



N×N

Oe Ol

α = (a1,a2) β = (b1,b2) α <Oe β

a2 < b2 (a2 = b2 a1 > b1).

α <Ol β

a1 < b1 (a1 = b1 a2 < b2).

N×N Oe Ol

Oe Ol N× N

α,β,Oe Ol

(α,β) (Ol,Oe) d

(a1 < b1 a2 ≥ b2)

"γ ∈ d, α <Ol γ <Ol β

(α,β) (Oe,Ol) d

(a1 ≤ b1 a2 < b2)

"γ ∈ d, α <Oe γ <Oe β

N × N − {α} Oe Ol



α β

β ∈ QI(α) ⇐⇒ α <Ol β α <Oe β,

β ∈ QII(α) ⇐⇒ α <Ol β α >Oe β,

β ∈ QIII(α) ⇐⇒ α >Ol β α >Oe β,

β ∈ QIV(α) ⇐⇒ α >Ol β α <Oe β.

QI(α)

QII(α)
QIII(α)

QIV(α)

α

 
 

N× N− {α} Oe Ol

d

d c = (c1,c2) ∈ d

c c 6→ (c1,c2 − 1)

"γ ∈ d, γ ∈ Ibas(c),

Ibas(c)
def== {ε ∈ N× N | (c1,c2 − 1) ≤Oe ε <Oe c} .

c c 6→ (c1 − 1,c2)

"γ ∈ d, γ ∈ Igau(c),



Igau(c)
def== {ε ∈ N× N | (c1,c2 − 1) ≤Ol ε <Ol c} .

d c ∈ d

d Oe Ol

c1, . . . ,cn d Oe basi(d)

gaui(d) d

ci Bd Gd

Bd
def== {1 ≤ i ≤ n | Ibas(ci) ∩ d = ∅} ,

Gd
def== {1 ≤ i ≤ n | Igau(ci) ∩ d = ∅} .

∀j ∈ Bd, Gbasj(d) = Gd,

∀j ∈ Gd, Bgauj(d) = Bd



Gd 2= Gbasj(d)

∃k ∈ Gbasj(d), k 2∈ Gd

∃k ∈ Gd, k 2∈ Gbasj(d)

j 2= k cj cj ∈ Igau(k) d

cj 2∈ Igau(k) basj(d) cj = ck + (−1,0) cj

ck ck ∈ Ibas(j) d

j ∈ Bd j = k cj

Igau(cj) \ Igau(cj + (0,− 1)) = {cj + (0,− 1)}

d cj + (0,− 1) ∈ Ibas(cj) j ∈ Bd

j 2= k Igauche(ck) d

cj j = k

cj

Igau(cj + (0,− 1)) \ Igau(cj) = {cj + (−1,− 1)}

d cj + (−1,− 1) ∈ Ibas(cj) j ∈ Bd

!

d Gd = {5,6,7} Bd = {1,4,6}

Gbas4(d) = {5,6,7} Bbas4(d) = {1,5,6} 2= Bd

d ⊂ N× N

Bd = Gd = ∅,



7

12
3

45

6

Gd

d

C(d) d

C(d)

d N×N C(d)

d CH(d) CV (d)

GCH(d) = ∅ BCV (d) = ∅

C(d) = CH(CV (d)) = CV (CH(d)).

d ⊂ N× {0} ↪→ N× N

ρk = # {(a,b) ∈ d | a > k} ,

d k N×N

ρk ρ = λ∪δn δn c d

k N×N ρk δn

ρk c k

c

ρ |ρ| δn



ρ d

Oe Ol

d c1, . . . ,cn d Ol ρk

ρ = λ ∪ ρ ρ ci

d k N × N (ci,ci+1) (Ol,Oe)

ci+1, . . . ,cn k

(ci,ci+1) (Ol,Oe)

ci+1

ci ρ

ρ

DESCOl,Oe(d) = {i1,i2, . . . ,is},

ρ

ρk = n− ik, 1 ≤ k ≤ s = )(ρ).

|ρ| = COMAJOl,Oe(d) CH(d) ρ = ρ

λ = ∅

c1, . . . ,cn

d Oe ci k N×N

ηk η = λ∪η η ci

d k N×N (ci,ci+1) (Oe,Ol)

ci+1, . . . ,cn k

(ci,ci+1) (Oe,Ol)

ci+1 ci

η η

MONTOe,Ol(d) = {j1,j2, . . . ,jr},

η

ηk = n− jk, 1 ≤ k ≤ r = )(η).



|η| = COMAJ′Oe,Ol
(d) CV (d) η = η

µ = ∅

!

d1 d2 {Ol,Oe}

ϕ : d1 −→ d2 α,β ∈ d1

α ≤Ol β ⇐⇒ ϕ(α) ≤Ol ϕ(β),

α ≤Oe β ⇐⇒ ϕ(α) ≤Oe ϕ(β).

{Ol,Oe} ϕ R = I,II,III,IV

β ∈ QR(α) ⇐⇒ ϕ(β) ∈ QR(ϕ(α)).

(α,β) (Ol,Oe) (Oe,Ol) (ϕ(α),ϕ(β))

DESCOl,Oe MONTOe,Ol COMAJOl,Oe



COMAJ′Oe,Ol ϕ d′ d

d d′

d c1,c2, . . . ,cn

Oe N × N Ol

cσ1 , . . . ,cσn σ ∈ Sn

d σ = σd σ (−1,− 1)

{(i− 1,σi − 1) ∈ N× N | 1 ≤ i ≤ n} dσ

7

2

3

45

67
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3

45
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1

4

2

3

1

5

6

7

ϕ

ϕ : cσi 6→ (i− 1,σi − 1), 1 ≤ i ≤ n,

ci <Ol cj ⇐⇒ σ−1
i < σ−1

j ⇐⇒ (σ−1
i − 1, i− 1) <Ol (σ−1

j − 1, j − 1)

ci <Oe cj ⇐⇒ i < j ⇐⇒ (σ−1
i − 1, i− 1) <Oe (σ−1

j − 1, j − 1)



d n ρ

ρ

CH(d)

ρ\ρ

di

ρ(i) λ(i)

ρ ρ(i) = λ(i) ∪ ρ

d = d0 → d1 → d2 . . . → dr = CH(d),

ρ = ρ(0) → ρ(1) → ρ(2) . . . → ρ(r) = ρ,

λ = λ(0) → λ(1) → λ(2) . . . → λ(r) = ∅.

k ρ(k−1) ρ(k)

k = 1, . . . ,r k

k ρ(k−1)

ρ

ρ(k−1) ρj = ρj+1 ρj+1 ρ

k ρj ρ(k) ρj = ρj+1 ρj

ρ

ρ ρ

ρk ρ ρ

k = min {j | ρj = ρk} .

!



ρ\ρ

1 1

2

1

2

3

4

1

2

319 15 8
71418

17 13 6
1216

11 5
10

9
4

ρ\ρ



d n σd

ρ η ρ η

DESCOl,Oe(d) = DESC(σd),

MONTOe,Ol(d) = MONT(σ−1
d ).

λ µ ρ = λ ∪ ρ η = µ ∪ η d

(σd,λ,µ) d grphσd

σd d C(d) C(d)

ρ η

[1,2, . . . ,n] η [σd(1), . . . ,σd(n)] ρ

ρ η

ρ λ

ρ η µ

Oe Ol

d

ρ,ρ,η η σd

!

d n N × N

C(d) (σd,λ,µ) d C(d)

(σd,∅,∅)

n σ ∈ Sn

{d | d ⊂ N× N |d| = n} n



7

1 2

3 4

5

6

maj maj

qjtk

k + 1 j + 1

d n N×N σd

d C(d)

C(d) =
{

(δσd(i),νσ−1
d

(σi))
∣∣∣ 1 ≤ i ≤ n} ,

δσ(i)
def== # {k | k < i σk > σk+1} ,

νσ(i)
def== # {k | k < i σk < σk+1} .



n = 2

n = 3

DAn Q[X,Y ]

∆d(X,Y ) := det
(
(xa

i y
b
i )(a,b)∈d

1≤i≤n

)

d N × N d

d = {(i,0) | 0 ≤ i ≤ n − 1}

∆n(X) d

DAHn := DAn ∩DHn

Tn = DAn ∩HSn×Sn .



1

1 1 1 1

1 1 1
1

1 1
1 1

1 1 1
1

1 1
1
1

1
1 1 1

1
1 1 1

1
1 1 1

1
1 1

1

1
1 1

1

1 1
1 1

1 1
1 1

1
1
1 1

1
1
1 1

1 1
1 1

1 1
1 1

1
1

1 1
1 1 1
1

1 1
1

1

1
1 1
1

1
1 1

1

1
1 1
1

1 1
1
1

1
1
1

n = 4



n!

(q; q)n(t; t)nen

[
1

(1− q)(1− t)

]
.

DAHn q,t

q,t Tn

Tn = {P (Y,X) | P (X,Y ) ∈ Tn}

Tn = {P (∂X,∂Y )∆n(X)∆n(Y ) | P (X,Y ) ∈ Tn}.

DAn (Λn(X)⊗Λn(Y ))

Tn DAn (Λn(X)⊗ Λn(Y ))

DAn ; Λn(X)⊗ Λn(Y )⊗ Tn.

{∆d(X; Y ) | d ⊂ N× N,|d| = n}

n

∆d =
∑

σ∈Sn

fσ[Xn]gσ[Yn]∆Cσ ,

Cσ σ fσ[Xn]

Λn x1,x2, . . . ,xn

gσ[Yn]



Cn = 1
n+1

(2n
n

)

n Gσ
grphσ (−1,− 1)

(Ol,Oe) (Oe,Ol) α β

α β

Gσ σ ∈ Sn

(σ−1
n ,n)

(Ol,Oe)

σ

(Oe,Ol)

σ−1

Gσ

1

11

4
9

2

6

1

3

5

8

9

13

2
12



13 1

2

31

2

9

4 8

6

5

11

9

12

Gσ
(α,β) (γ,δ)

ε ∈ N × N

grphσ α ∈ QIV(ε) β ∈ QII(ε) γ ∈ QIII(ε) δ ∈ QI(ε)

σ ∈ Sn

312

w(σ) = qcomaj(σ)tcomaj′(σ−1)

q,t A

(i,σi) Gσ σ

s1,s2, . . . ,sr A

si+1 si s1 si

Ai

Ar,Ar−1, . . . ,A1, s1, . . . ,sr−1,sr.

k

n− k



A

k

n− k

N Ik = proj1(Ak) N

Ak k = 1..r σ(Ik)

{1,2, . . . n} = I1 ∪ I2 ∪ · · · ∪ Ir−1 ∪ Ir ∪ {n− r + 1,n− r, . . . ,n− 1,n}︸ ︷︷ ︸
=F

,

{1,2, . . . n} = σ(I1) ∪ {σn} ∪ σ(I2) ∪ {σn−1} ∪ . . .

∪ σ(Ir−1) ∪ {σn−r} ∪ σ(Ir) ∪ {σn−r+1},

312

Gσ
Ak

Ik σ(Ik) σ 312

i1 < i2 < i3 σi1 > σi3 > σi2

j 312 i1,i2,i3 ∈ Ij

j i1,i2 ∈ Ij i3 2∈ Ij k 2∈ Ij σk > maxσ(Ij)

σk < minσ(Ij)

j i2,i3 ∈ Ij i1 2∈ Ij

j1 < j2 < j3 i1 ∈ Ij1 i2 ∈ Ij2 i3 ∈ Ij3 σ1 < σ2 < σ3



j 1 ≤ j ≤ r i3 = n − j + 1 ∈ F σi2 < σi3

i2 ∈ Il l = 1, . . . ,j σi1 > σi3 i1 ∈ Il

k = j + 1, . . . ,r l < k maxσ(Il) < minσ(Ik)

σi1 < σi2 312

!

F

r

Ar−1

A2

A1

σr

σr−1

σ2

σ1

I1 I2 IrIr−1[ [ [ [ [ ]]]]]

A

Cn = 1
n+1

(2n
n

)

Sn S3

n + 1

π n + 1

n Sn 132

T π(T )

n, n − 1, . . . , 1 T

π(T )

π

π(T ) T



π

σ ∈ Sn 132 σ ∈ Sn 132

k σk = n 132

σ({1, . . . , k − 1}) = {n− k + 1, . . . , n− 1}

σ({k + 1, . . . , n}) = {1, . . . , n− k − 1}

15

2

3
4

5

6
7

8
910

11

12
13 14

1

Ol,Oe α β

β = min
Oe

{γ | α <Ol γ} α <Oe β.

Oe,Ol α

β

β = max
Oe

{γ | α <Ol γ} β <Oe α.

k σ k − 1



15

2

3
4

5

6
7

8
910

11

12
13 14

1

n+1 Tσ

π(Tσ) = σ

T Tσ

σ 132

σ = π(T ) T

k

∑

v∈T

(
niveau(v)− 1

k − 1

)
.

q,t



NIVEAU 2

NIVEAU 1

NIVEAU 4

NIVEAU 3

46

5

7

89

15

14

13 12

11

10

2

13

N3

n N3

q t w N3

{
d ⊂ N3

∣∣ |d| = n}

(σ,τ,λ,µ,ν) σ,τ ∈ Sn λ,µ,ν

n

poids(d) = qcomaj′(τ−1)tcomaj′(σ)wcomaj′(τ◦σ−1)q|λ|t|µ|w|ν|.

d ⊂ N3 |d| = n

∑

d

poids(d) =
∑
σ,τ∈Sn

qmaj′(τ−1)tmaj′(σ)wmaj′(τ◦σ−1)

∏n
i=1(1− qi)(1− ti)(1− wi)

,

maj′

σ 6→ w0σw0

(σ,τ) ∈ S2
n

grph(σ,τ)
def== {(i− 1,σi − 1, τi − 1) | 1 ≤ i ≤ n} .



(q, t, w)

N3 N3 α = (a1, a2, a3) β =

(b1, b2, b3)

α <O1 β ⇐⇒ a1 < b1

(a1 = b1 a3 > b3)

(a1 = b1, a3 = b3 a2 < b2),

w

q

t

O1 N3

α <O2 β ⇐⇒ a3 < b3

(a3 = b3 a2 > b2)

(a3 = b3, a2 = b2 a1 < b1),

q

w

t

O2 N3



α <O3 β ⇐⇒ a2 < b2

(a2 = b2 a1 > b1)

(a2 = b2, a1 = b1 a3 < b3),

w

q

t

O2 N3

c1 <O2 · · · <O2 cn d ci k w,t N3

ci >O1 ci+1 d

q k + 1 k w,t DESCO2,O1(d)

(i,τi)

qcomaj′(τ−1)

c1 <O3 · · · <O3 cn d ci k q,t N3

ci >O2 ci+1 d

w k + 1 k q,t DESCO3,O2(d)

(i,τσ−1
i

)

wcomaj′(τ◦σ−1)

c1 <O1 · · · <O1 cn d ci k q,w N3

ci >O3 ci+1 d



t k + 1 k q,w DESCO1,O3(d)

(i,σi)

tcomaj′(σ)

w

q t

w

q

t

(i,τi) (i,τσ−1
i

) (i,σi)

O1,O2 O3

fn(q,t,w) def==
∑

σ,τ∈Sn

qmaj′(τ−1)tmaj′(σ)wmaj′(τ◦σ−1)

n = 2 n = 3 fn(q,t,w) q, t, w n!2

fn(q,t,1) = [n]!q [n]!t, [n]!q = [1]q[2]q . . . [n]q [k]q = 1−qk

1−q

fn(q,t,0) =
∑

σ∈Sn

qcomaj(σ)tcomaj′(σ−1),

q,t n!

fn(q,0,0) = q(
n
2),

Pn(q)



σ\τ 12 21

12 q t w t

21 q w

f2(q,t,w) (σ,τ) ∈ S2
2

σ\τ 123 132 213 231 312 321

123 q3 t3 w3 q2 t3 w2 q t3 w q t3 w2 q2 t3 w t3

132 q3 t2 w2 q2 t2 w3 q t2 w2 q t2 w q2 t2 t2 w

213 q3 t w q2 t w q t w3 q t q2 t w2 t w2

231 q3 t2 w q2 t2 w q t2 q t2 w3 q2 t2 w2 t2 w2

312 q3 t w2 q2 t q t w2 q t w q2 t w3 t w

321 q3 q2 w2 q w q w2 q2 w w3

f3(q,t,w) (σ,τ) ∈ S3
3

n

Ol O′
e Oe

α = (a1,a2) β = (b1,b2) α <O′
e
β

a2 < b2 (a2 = b2 a1 < b1).

d

d c = (c1,c2) ∈ d

c c 6→ (c1,c2 − 1)

"γ ∈ d, γ ∈ I ′bas(c),



I ′bas(c)
def== {ε ∈ N× N | (c1,c2 − 1) <O′

e
ε <O′

e
c
}

.

c c 6→ (c1 − 1,c2)

"γ ∈ d, γ ∈ I ′gau(c),

I ′gau(c)
def== {ε ∈ N× N | (c1,c2 − 1) <Ol ε <Ol c} .

Igau I ′gau ≤Ol Ibas

I ′bas ≤Oe′

I ′gau I ′bas

{d N× N | |d| = n}

(σ,λ, µ) σ ∈ Sn λ, µ

n

w(d) = qcomaj(σ)tcomaj(σ−1)q|λ|t|µ|.

d N×N



|d| = n

Pn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qcomaj(σ)tcomaj(σ−1)

∏n
i=1(1− qi)(1− ti)

,

=
∑
σ∈Sn

qmaj(σ)tmaj(σ−1)

∏n
i=1(1− qi)(1− ti)

.

(Ol,O′
e)

d d = c1 ≤Ol · · · ≤Ol cn

DESCOl,O′
e
(d) def== {i | ci >O′

e
ci+1

}
.

(O′
e,Ol)

d d = c1 ≤O′
e
· · · ≤O′

e
cn

DESCO′
e,Ol

(d) def== {i | ci >Ol ci+1} .

d

O′
e

(σ,λ, µ) n

λ µ

n

λ′ µ′

σ = (σ1,σ2, . . . ,σn) ρ = (ρ1 ≥ ρ2 ≥

· · · ≥ ρn ≥ 0) σ σi > σi+1 λi > λi+1

1 ≤ i ≤ n



1

1
1
2

13
1

1

1

2
3

4,5
6,7,8 9

10

11

10,11

6,7,8 9

2

1

3,4,5

O′
e

n N × N

(σ,λ′, µ′) σ ∈ Sn λ′ σ µ′ σ−1



2

1
1

n = 2

1

11
1

1
1

1

1
1

1

3

2

2
1

n = 3



N× N

Pn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qmaj(σ)tmaj′(σ−1)

∏n
i=1(1− qi)(1− ti)

,

Qn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qmaj(σ)tmaj(σ−1)

∏n
i=1(1− qi)(1− ti)

,

d ⊂ N × N |d| = n

d N × N

|d| = n

XY X = x1,x2, . . . Y = y1,y2, . . .

Pn(q,t) = m1n [XY ]|xi←qi−1,
yi←ti−1

,

= s1n [XY ]|xi←qi−1,
yi←ti−1

,

Qn(q,t) =
∑

λ+n

mλ[XY ]

∣∣∣∣∣xi←qi−1,
yi←ti−1

,

= sn[XY ]|xi←qi−1,
yi←ti−1

.

λ

Pn(q,t) = hn

[
Zn

(1− q)(1− t)

]∣∣∣∣
s1n [Zn]

,

Qn(q,t) = hn

[
Zn

(1− q)(1− t)

]∣∣∣∣
sn[Zn]

.



4

1
1

1
1

1
1

2

1
1
1

1

1
1

11

1
3

1
1

2 1

1
1

1 1

1
1

1

11
11

11
2

1
1

1
1

1
1
1

1

1
3 1

1
2

1

1
2

1
1

1
1

2
1

1
1

1
11

1
21

2
11

2
2

11
11

1
12

n = 4



Pn(q,t) Qn(q,t)

n ∈ N
∑

λ+n

sλ[X]sλ[Y ] =
∑

σ∈Sn

Lco(σ)[X]Lco(σ−1)[Y ],

∑

λ+n

sλ[X]sλ′ [Y ] =
∑

σ∈Sn

Lco(σ)[X]Lco′(σ−1)[Y ].

Lα

α = (α1, . . . ,αk) |α| = n αi ≥ 1 i k ≥ 1

Sα
def== {α1,α1 + α2, . . . ,α1 + · · · + αk−1} ⊆ [n− 1].

S = {s1, s2, . . . , sk−1} ⊆ [n− 1] si

co(S) def== (s1, s2 − s1, . . . , n− sk−1).

σ ∈ Sn

co(σ) def== co(D(σ)).

α n

Lα

Lα =
∑

i1≤···≤in,
ij<ij+1 j∈Sα

xi1xi2 . . . xin .

hn[XY ] =
∑

λ

sλ[X]sλ[Y ],

en[XY ] =
∑

λ

sλ[X]sλ′ [Y ],

sλ =
∑

T

Lco(T ),



co(T ) = co(D(T )) D(T )

λ $ n n λ

λ

1 n

SYT(λ)

λ $ n n

λ t = (λ(0),λ(1), . . . ,λ(r))

∅ = λ(0) ⊆ λ(1) ⊆ · · · ⊆ λ(r) = λ

i θ(i) = λ(i) − λ(i−1)

(|θ(1)|, . . . , |θ(r)|)

n t SSYTc(λ)

Kλµ

λ µ

µi Kλµ

n

λ $ n n

λ t = (λ, f) λ λ



f : λ −→ N \ {0}

λ

SSYTc(λ)

Kλµ = # {t = (λ, f) | #f−1({i}) = µi,∀i
}

,

µ

τ = (λ, f) a1, a2, . . . , an

c1, c2, . . . , cn λ

f(ci) = ai ai = ai+1 ci <Ol ci+1

ck ck+1 ak < ak+1 ck <Oe ck+1 ck+1

ck D(τ)

D(τ) def== {k | ck ck+1} .

maj(τ) def==
∑

k∈D(τ)

k,

comaj(τ) def==
∑

k∈D(τ)

(n− k).

τ D(τ)

ai

ck ck ck+1

λ $ n

λ (ρ, T ) ρ n

T ∈ SYT(λ) ai ci



4
4 5

4 6
7
8

9

32 2
4

1

6
65

432 2
3311

11

1

10
4 5 6 9

2 3 7 8

12

comaj T

1 2 3 ↘ 4 5 6 7 8 ↘ 9 ↘ 10 ↘ 11 12

1 1 1 ↘ 2 2 3 3 3 ↘ 4 ↘ 5 ↘ 6 6

2 2 3 ↘ 4 4 4 4 5 ↘ 6 ↘ 7 ↘ 8 9

ai ρ

f(ci) = ai = # {k < i | ck ck+1} + # {k | ρk > n− i} .

ρ = ∅
∑

i(ai − 1)

T c(T )

Kλµ(t) =
∑

T

tc(T ),

Kλµ(t)

sλ[X] =
∑

µ

KλµPµ(X; t).

Pλ(X; t) Pλ(X; 0, q)



sλ[(1− q)−1] = sλ(1, q, q2, . . . ),

=
∑

τ∈SSYTo

τ=(d,f)

∏

c∈d

qf(c),

λ $ n

sλ[(1− q)−1] =

∑
T∈SYT(λ) qcomaj(T )

∏n
i=1(1− qi)

.

∑
λ sλ[X]sλ[y]

∑

λ

[(1− q)−1]sλ[(1− t)−1] =
∑

(P,Q)∈SYT(λ)

qcomaj(P )tcomaj(Q)

∏n
i=1(1− qi)(1− ti)

.

σ ∈ Sn

(P,Q) λ $ n

D(σ) = D(Q) D(σ−1) = D(P )

∑

λ+n

sλ[(1− q)−1]sλ[(1− t)−1] =
∑
σ∈Sn

qcomaj(σ)tcomaj(σ−1)

∏n
i=1(1− qi)(1− ti)

,

=
∑
σ∈Sn

qmaj(σ)tmaj(σ−1)

∏n
i=1(1− qi)(1− ti)

,

= Qn(q,t),

Pn(q,t)

N×N

Pn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qmaj(σ)tmaj′(σ−1)

∏n
i=1(1− qi)(1− ti)

,

Qn(q,t) =
∑

d

w(d) =
∑
σ∈Sn

qmaj(σ)tmaj(σ−1)

∏n
i=1(1− qi)(1− ti)

,



d ⊂ N×N |d| = n

d N×N |d| = n

σ qmaj(σ)tmaj′(σ) qmaj(σ)tmaj(σ)

(∏n
i=1(1− qi)(1− ti)

)−1

(λ,µ)

n

XY X = x1,x2, . . . Y = y1,y2, . . .

Pn(q,t) = m1n [XY ]|xi←qi−1,
yi←ti−1

,

= s1n [XY ]|xi←qi−1,
yi←ti−1

,

Qn(q,t) =
∑

λ+n

mλ[XY ]

∣∣∣∣∣xi←qi−1,
yi←ti−1

,

= sn[XY ]|xi←qi−1,
yi←ti−1

.

sλ[XY ]|xi←qi−1,
yi←ti−1

λ (n) 1n

λ $ n

Pλ(q,t)
def==

n∏

i=1

(1− qi)(1− ti) sλ[XY ]|xi←qi−1,
yi←ti−1

N[q,t]

n∏

i=1

(1− qi)(1− ti) mλ[XY ]|xi←qi−1,
yi←ti−1

N[q,t] Z[q,t]

Pλ(q,t)

λ = n λ = 1n







0 0 0 1
0 1 1 0
0 1 1 0
1 0 0 0









0 1 1 0
1 1 1 1
1 1 1 1
0 1 1 0









1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1





P3(q,t) P21(q,t) P111(q,t)

Pλ(q,t) λ $ 3

N× N

λ $ n n E

O λ

E (λ,f) λ λ f : λ −→ E

{c1, . . . ,cn}≤O λ Ol f i < j

ci cj λ f(ci) ≤O f(cj) i < j

ci cj λ f(ci) <O f(cj)

O = Ol E = N×N

N×N SSYToN×N(λ)

λ

f(λ)

N× N

sλ[XY ]|xi←qi−1,
yi←ti−1

λ N× N Ol

sλ[XY ]|xi←qi−1,
yi←ti−1

=
∑

τ∈SSYToN×N(λ)
τ=(λ, f)

w(f(λ)),

w(f(λ)) =
∏

qai,1tai,2 ,

ai = (ai,1, ai,2)
def== f(ci) ∈ N × N

XY







0 0 0 0 0 0 1
0 0 0 1 1 1 0
0 0 1 1 2 1 0
0 1 1 2 1 1 0
0 1 2 1 1 0 0
0 1 1 1 0 0 0
1 0 0 0 0 0 0









0 0 0 1 1 1 0
0 1 2 2 2 1 1
0 2 3 4 3 2 1
1 2 4 4 4 2 1
1 2 3 4 3 2 0
1 1 2 2 2 1 0
0 1 1 1 0 0 0









0 0 1 0 1 0 0
0 1 1 2 1 1 0
1 1 2 2 2 1 1
0 2 2 4 2 2 0
1 1 2 2 2 1 1
0 1 1 2 1 1 0
0 0 1 0 1 0 0





P4(q,t) P31(q,t) P22(q,t)





0 1 1 1 0 0 0
1 1 2 2 2 1 0
1 2 3 4 3 2 0
1 2 4 4 4 2 1
0 2 3 4 3 2 1
0 1 2 2 2 1 1
0 0 0 1 1 1 0









1 0 0 0 0 0 0
0 1 1 1 0 0 0
0 1 2 1 1 0 0
0 1 1 2 1 1 0
0 0 1 1 2 1 0
0 0 0 1 1 1 0
0 0 0 0 0 0 1





P211(q,t) P1111(q,t)

Pλ(q,t) λ $ 4

SSYToN×N(λ)

(σ, T, ν, µ) σ ∈ Sn T ∈ SYT(λ) ν µ

n (σ, T, ∅, ∅)

Cσ, T

∑

τ∈SSYToN×N(λ)
τ=(λ, f)

w(f(λ)), =

∑
(σ, T ) w(Cσ T )

∏
i = 1n(1− qi)(1− ti)

.

(d,T ) d T ∈ SYT(λ)

Cd, T

N\{0} ρ = ∅

T d Ol



d

dT c = (c1,c2) ∈ dT

i c

c 6→ (c1,c2 − 1)

"γ ∈ dT , (γ ∈ Ibas(c) γ j 2= i)

"γ ∈ dT , (γ ∈ I ′bas(c) γ j = i).

c c 6→ (c1 − 1,c2)

"γ ∈ dT , (γ ∈ Igau(c) γ j 2= i)

"γ ∈ dT , (γ ∈ I ′gau(c) γ j = i).

dT

1,1,2,2,2,3,3

grphσ

T

Cσ T

q,t

Pλ(q,t)

λ = 1n



λ = n

Pλ(q,t) λ

Pλ(q,t) =
∑

σ∈Sn
T∈SYT(λ)

qcomaj(σ)tstat(σ
−1,T ),

stat(σ−1,T )



? 1

1

2

3

3

2,2? ?
? ? ? ?

? ? ? ? ?

 

2

6 7

5
43

1

3
2

1
2

2

6
2 75
43

1
3

3
2 2

211

3

1

1,1,2,2,2,3,3

3

1

1

2,2

3

2

N× N



1

1 1

1

1

1

1 2

1 1

1

2 1

1

1 1

1

1 1

1

1

1

1 1

1

1

1

1

2

1

1

2

SSYToN×N(2,1)

SSYToN×N(3,1)



SSYToN×N(2,2)



SSYToN×N(2,1,1)



q, t

Q[X,Y ]

N×N

↓ Φ[X; q t] def== ωΦ[X; 1/q, 1/t],

flip

Tµ/ij ↓ Ax
ij = Ay

ij .



DA Λ[X ] ⊗ Λ[Y ]

d n

∆d =
∑

σ∈Sn

fσ[Xn]gσ[Yn]∆Cσ ,

Cσ σ fσ[Xn]

Λn x1,x2, . . . ,xn

gσ[Yn] d

∆d

d := [[0,2],[1,0],[1,1]]

= 1/3m1,1[X3] − 1/3m1,1[Y3] + 2/3m1[Y3]

d := [[0,2],[1,1],[2,0]]

= −1
6
m2,1[X3] − 1

3
m1,1[X3]m1,1[Y3]

−1
3
m1[X3]m1[Y3] +

1
6
m2,1[Y3]



d := [[0,1],[1,1],[2,0]]

= −1
3
m1,1[X3] − 2

3
m1[X3] +

1
3
m1,1[Y3]

d := [[0,1],[1,0],[2,1]]

= −1
3
m1,1[X3] +

1
3
m1[X3] +

1
3
m1,1[Y3]

d := [[0,0],[0,1],[1,2]]

=
1
3
m1[X3] − 1

3
m1,1[Y3] +

2
3
m1[Y3]

d := [[1,1],[2,3],[3,0]]

=
1
6
m3,2,1[X3]m1[Y3] +

1
3
m2,2,1[X3](m2,1[Y3] + m1,1,1[Y3])

−1
3
m2,1,1[X3]m1,1,1[Y3] − 1

3
m2,2,1[X3](m2[Y3] + m1,1[Y3])

−1
3
m2,1,1[X3]m2[Y3] +

1
6
m1,1,1[X3]m3,1[Y3]

d := [[0,0],[0,1],[2,0]]

= m1[X3] + 1

d := [[0,0],[2,0],[4,0]]

= (m2,1[X3] + 2m1,1,1[X3])

d := [[0,0],[0,2],[2,0]]

= m1[X3]m1[Y3] + m1[Y3] −m1[X3] − 1



Cn(q,t) = ∇en[x]|en
,

Cn(q,t) q,t ∇en[X]

n

Sn

q,t

DHAltn n = 4,5

Ek

Ek
def==

n∑

i=1

xi
∂

∂yi
,

(c1,c2) c1 c2

xc1
j yc2

j qc1tc2

y1,y2, . . . ,yn n

Ek



n = 4

d

∆d

b0,6 = ,

= ∆4

b1,5 = 3 − 2 + ,

= 6 − 3m1[Y ] + m1,1[Y ]

= E1(∆4)

b1,4 = 3 − ,

= 4 −m1[Y ] ,

=
1
2
E2(∆4),

b1,3 = ,

=
1
6
E3(∆4)



b2,4 = 6 − 3 + 2 − + 3 ,

= 15 + m1,1[Y ] − − 4m1[Y ]

+3m2[Y ] + 4m1[X] −m1[X]m1[Y ] ,

=
1
2
E2

1(∆4)

b2,3 = − + ,

= 4 − 2m1[Y ] + m1[X] ,

=
1
6
E2E1(∆4)

b2,2 = ,

=
1
24

E2
2(∆4)

b3,3 = 6 − 3 − 3 + 6 + + ,

= 10 + 10 + 5m1[X] − 5m1[X]m1[Y ]

−5m1[Y ] + (m2[X] + m1,1[X]) + (m2[Y ] + m1,1[Y ]) ,

=
1
6
E3

1(∆4)

b3,2 = − + ,

= 4 + 2m1[X] −m1[Y ] ,

=
1
12

E2E
2
1(∆4)



b3,1 = ,

=
1
24

E2
2E1(∆4)

b4,2 = 6 − 3 + 2 − + 3 ,

= 15 − 4m1[Y ] +

+(7m1,1[X] + m2[X]) + 4m1[X] −m1[X]m1[Y ] ,

=
1
24

E4
1(∆4)

b4,1 = 3 + ,

= 4 + m1[X] ,

=
1
12

E3
1E2(∆4)

b5,1 = 3 + + 2 ,

= 6 + 3m1[X] + m1,1[X] ,

=
1

120
E5

1(∆4)

b6,0 = ,

=
1

720
E6

1(∆4)

n = 5

∆5 =



E1(∆5) = − + 2 + 4 − 3

E2(∆5) = 12 − 6 + 2

E3(∆5) = 24 − 6

E4(∆5) = 24

E2
1(∆5) =

2 + 12 + 24 + 4 − 16 − 6 + 8 − 6 + 12

E2E1(∆5) =

−6 − 8 + 6 + 24 + 24 + 12 − 24 − 6

E3E1(∆5) = 24 − 12 − 72 + 24 + 24 ,

E2
2(∆5) = 24 + 24 + 144 − 48

E2E3(∆5) = 72 − 48 ,

= −E1E4(∆5)



E2
3(∆5) = 288

= −2E2E4(∆5)

E3
1(∆5) =

6 − 6 − 72 − 18 − 72 + 24 − 18 + 36

+108 + 36 + 24 + 144 − 36 + 48 − 72

E2E
2
1(∆5) =

−48 + 48 − 24 + 72 + 12 + 12 + 72

+48 − 96 − 12 + 24 + 24 − 48 + 48

E1E
2
2(∆5) =

−96 − 144 + 288 + 24 + 24 − 48 + 96 − 72

E2
1E3(∆5) =

144 − 144 + 48 − 12 − 48 − 96 + 144 + 72

E3
2(∆5) = 432 + 864 − 144

E1E2E3(∆5) = 144 − 288 − 48



E2
3E1(∆5) = 288 ,

= 2E3E
2
2(∆5)

E4
1(∆5) =

288 − 192 + 96 − 144 − 432 + 864 − 96

+48 + 72 + 288 − 576 + 288 + 576 + 432

−144 + 72 + 288 − 96 − 24 + 24

E3
1E2(∆5) =−144 + 288 − 36 + 144 − 216 − 216 + 432

+72 − 72 − 144 + 144 − 48 − 144 + 216

+216 − 144 + 144 + 12

E2
2E2

1(∆5) =

432 − 96 + 288 − 192

+288 − 576 + 288 + 144 + 96

E3
1E3(∆5) = −432 + 144 − 144 + 432 + 432

−432 − 432 + 144 + 144

E3
2E1(∆5) = −432 + 1728 − 432 ,

E3E2E
2
1(∆5) = 144 + 432 − 864



E4
2(∆5) = 3456

E5
1(∆5) =

360 − 2880 + 4320 − 360 + 720 − 2160

+120 − 2160 + 4320 + 1440 − 720 + 1440

+480 − 480 + 1440 − 1440 + 960 + 2880

−240 − 960 − 240 + 120

E4
1E2(∆5) =

576 + 576 + 1152 − 864 − 288 + 288 + 144

−576 − 48 − 192 + 576 + 576 + 864 − 864

−576 + 864 − 576 + 1728

E4
1E3(∆5) = 576 − 1728 − 576 + 144 − 864

+1728 + 1728 − 1152

E2
2E3

1(∆5) = −864 + 864 + 576 + 720

+864 − 1296 + 576

E2
1E3

2(∆5) = 2592 + 1728

= cteE3
1E2E3(∆5)



E6
1(∆5) =

−8640 + 17280 + 2880 − 12960 − 5760 − 8640

+4320 + 4320 + 2880 + 8640 − 720 + 1440

−720 + 17280 + 25920 − 8640 + 2880

−2160 + 12960 + 2160

E5
1E2(∆5) = 5760 − 1440 − 2880 + 2880 + 2880

−4320 − 720 + 4320 + 1440 + 720

−2880 − 1440 + 2880 + 720

E4
1E2

2(∆5) =

1152 − 2880 + 3456 + 2304 + 2304 + 576

E5
1E3(∆5) = 2880 − 8640 − 2880 − 2880 − 1440

E3
1E3

2(∆5) = 4320

= cte · E4
1E2E3(∆5)

E7
1(∆5) =

30240 + 5040 + 5040 + 120960 + 60480

+20160 − 30240 − 60480 + 90720 + 30240

+40320 − 15120 − 20160 − 15120 − 60480



E6
1E2(∆5) = 4320 + 8640 + 17280 + 5760

−4320 + 4320 + 17280 − 17280

E5
1E2

2(∆5) = 11520 + 2880

E8
1(∆5) =

161280 + 322560 + 241920 − 120960

+80640 − 241920 + 483840 + 120960 − 40320

E7
1E2(∆5) = 60480 + 10080 + 30240

E9
1(∆5) = 1451520 + 362880 + 725760 + 1088640

E10
1 (∆5) = 3628800















H(t) =
∑

λ

pλ
zλ

t|λ|,

zλ =
∏

r rmrmr! λ = 1m12m2 . . .

P (t) =
d
dt

log H(t)



P (t) =
∑

r≥0

pr+1t
r.

P (s,t) def==
∑

q≥1
r≥1

B(q−1
r−1)p(q

r)s
q−1rt−1.

P (s,t) =
d
ds

d
dt

log H(s,t).

d
ds

d
dt

log H(s,t) =
d
ds

d
dt

log




∏

j

1
1− xjs− yjt



 ,

=
∑

j

xjyj

1− xjs− yjt
,

=
∑

j

xjyj

∑

n≥0

(xjs + yjt)n,

=
∑

j

∑

q≥1

∑

r≥1

B(q−1
r−1)x

q
jy

r
js

q−1tr−1,

=
∑

q≥1

∑

r≥1

B(q−1
r−1)p(q

r)s
q−1tr−1.

!

P (s)

P (s,t) t = 0 y1 = y2 = · · · = 1

H(s,t) =
∑

λ

pλ
Zλ

s|λ|xt|λ|y



λ =
∏

(q
r)
(q
r

)m(q
r)

Zλ
def==

∏

(q
r)

C(q,r)
m(q

r)m(q
r)!

C(q,r) def==






q!r!
(q+r−2)! q ≥ 1 r ≥ 1,

q q ≥ 1 r = 0,

r q = 0 r ≥ 1,

0 q = r = 0.

s t

log H(s,t) =






∑

q≥1
r≥1

B(q−1
r−1)p(q

r)
sq

q

tr

r





+ K0(t) + K1(s) + K2,

K0 K1 K2

K2 = 0

H(s,t) = exp






∑

q≥1
r≥1

B(q−1
r−1)p(q

r)
sq

q

tr

r





exp{K0(t)} exp{K1(s)}.

t = 0 s = 0

H(s) = exp{K1(s)} xi

H(t) = exp{K0(t)} yi

exp{K1(s)} =
∑

λ

pλ(x1,x2, . . . )
zλ

s|λ|,

=
∑

(λ0)

p(λ
0)

Z(λ
0)

s|(
λ
0)|xt|(

λ
0)|y ,

exp{K0(t)} =
∑

λ

pλ(y1,y2, . . . )
zλ

t|λ|,

=
∑

(0
λ)

p(0
λ)

Z(0
λ)

s|(
0
λ)|xt|(

0
λ)|y ,



λ = λ1λ2 . . .
(λ
0

)
=
(λ1

0
λ2
0

...

...

)

(0
λ

)
=
( 0
λ1

0
λ2

...

...

)
p(λ

0)
= pλ(x1,x2, . . . ) p(0

µ) = pµ(y1,y2, . . . )

exp
{∑

q≥1
r≥1

B(q−1
r−1)p(q

r)
sq

q

tr

r

}
=

∏

q≥1
r≥1

∞∑

m(q
r)=0

[B(q−1
r−1)
qr p(q

r)s
qtr
]m(q

r)

m(q
r)!

,

=
∑

λ=
∏

q≥1
r≥1

(q
r)

m(q
r)

pλs|λ|xt|λ|y

Zλ
,

m(q
r) λ

℘ =
{
λ =

(
a1

b1

a2

b2

. . .

. . .

)}
,

℘(≥1
≥1)

=
{
λ =

(
a1

b1

a2

b2

. . .

. . .

)∣∣∣∣ ∀i, ai ≥ 1 bi ≥ 1
}

,

℘(≥1
0 ) =

{
λ =

(a1

0
a2

0
. . .

. . .

)∣∣∣ ∀i, ai ≥ 1
}

,

℘( 0
≥1) =

{
λ =

(
0
b1

0
b2

. . .

. . .

)∣∣∣∣ ∀i, bi ≥ 1
}

.

H(s,t) =


∑

λ′∈℘(≥1
≥1)

pλ′s|λ
′|xt|λ

′|y

Zλ′








∑

λ′′∈℘(≥1
0 )

pλ′′s|λ
′′|xt|λ

′′|y

Zλ′′








∑

λ′′′∈℘( 0
≥1)

pλ′′′s|λ
′′′|xt|λ

′′′|y

Zλ′′′





!

℘ ℘(≥1
≥1)

℘(≥1
0 ) ℘( 0

≥1)

ϕ : ℘ bij−→ ℘(≥1
≥1)
×℘(≥1

0 )×℘( 0
≥1)



ϕ(λ) = (λ′,λ′′,λ′′′)

Zλ = Zλ′Zλ′′Zλ′′′ ,

pλ = pλ′pλ′′pλ′′′ ,

|λ|x = |λ′|x + |λ′′|x + |λ′′′|x

|λ|y = |λ′|y + |λ′′|y + |λ′′′|y.

C(q,r) Zλ

℘ pλ

!

λ X = {x1,x2,x3, . . . }

x1 + x2 + x3 + . . . λ

XY = {xiyj |i ≥ 1,j ≥ 1} (x1 + x2 +

x3 + . . . )(y1 + y2 + y3 + . . . ) (X; Y )

χ : X
bij−→ Y

N S T U

V ϕ : S
bij−→ T ψ : U

bij−→ V

(S; T )(U ; V ) def== (S × T ; U × V ) (ST ; UV )

ϕ× ψ : S × T
bij−→ U × V



p(q
r)[ST ; UV ] =

∑

i,j

(sitj)q(uivj)r,

=
∑

i,j

(sq
i u

r
i )(t

q
jv

r
u),

=

(
∑

i

(sq
i u

r
i )

)


∑

j

tqjv
r
j )



 ,

= p(q
r)[S; U ]p(q

r)[T ; V ].

λ

pλ[ST ; UV ] = pλ[S; T ]pλ[U ; V ].

∏

i,j

1
1− xiyj

=
∑

λ

pλ[X]pλ[Y ]
zλ

,

=
∑

λ

hλ[X]mλ[Y ],

=
∑

λ

sλ[X]sλ[Y ].

∏

i,j

1
1− sitj − uivj

=
∑

λ

pλ[S; U ]pλ[T ; V ]
Zλ

,

=
∑

λ

hλ[S; U ]mλ[T ; V ].

Ω[X,Y ; s,t] def== H(s,t) =
∏

i

1
1− xis− yit

.



∏

i,j

1
1− sitj − uivj

= Ω[ST,UV ; 1,1],

=
∑

λ

pλ[ST ; UV ]
Zλ

,

=
∑

λ

pλ[S; U ]pλ[T ; V ]
Zλ

,

∏

i,j

1
1− sitj − uivj

=
∏

j

Ω[S,U ; tj ,vj ],

=
∏

j

∑

(q
r)

h(q
r)[S; U ]tqjv

r
j ,

=
∑

α=
[
(a1

b1
),(a2

b2
),(a3

b3
),...

]
hα[S; U ]

∏

j

t
aj

j v
bj

j ,

=
∑

λ

hλ[S; U ]mλ[T ; V ].

!

Zλ φ∗
u

Zλ

Zλ φ∗u : Mu −→ M1n

n = (u) = u1 + u2 λ = λ1λ2λ3 . . .

λ! def== λ1!λ2!λ3! . . .
(a

b

) (a
b

)
! def== a!b! µ =

∏
(q

r)
(q
r

)m(q
r)

µ!mul def==
∏

(q
r) m(q

r)
(u
λ

) def== u!
λ!λ!mul

λ, µ $ u

〈φ∗u(Hλ),φ∗u(Mµ)〉1n = 〈Hλ, Mµ〉u .



〈φ∗u(Hλ),φ∗u(Mµ)〉1n =
〈
H̃λ, M̃µ

〉

1n
,

=

〈
∑

typeu(π)=λ

h̃π,
∑

typeu(σ)=µ

m̃σ

〉

1n

,

= δλµ
∑

typeu(π)=λ

n!,

= δλµn!
(

u

λ

)
,

〈Hλ, Mµ〉u =
〈(

u

λ

)
λ!hλ,

(
u

µ

)
µ!mulmµ

〉

u

,

=
(

u

λ

)(
u

µ

)
λ!µ!mul 〈hλ, mµ〉u .

n u (u) = n

Mu

〈hλ, mµ〉u
def==

n!
u!
δλµ.

Λn u =
(n
0

)

〈pλ, pµ〉u

〈φ∗u(Pλ),φ∗u(Pµ)〉1n = 〈Pλ, Pµ〉u ,

=
〈(

u

λ

)
pλ,

(
u

µ

)
pµ

〉

u

,

=
(

u

λ

)(
u

µ

)
〈pλ, pµ〉u .



〈φ∗u(Pλ),φ∗u(Pµ)〉1n =
〈
P̃λ, P̃µ

〉

1n
,

=

〈
∑

typeu(π)=λ

p̃π,
∑

typeu(σ)=µ

p̃σ

〉

1n

,

= δλµ
∑

typeu(π)=λ

n!
|µ(0,π)| ,

= δλµ

(
u

λ

)
n!

|µ(0, (λ))| ,

〈p̃π, p̃σ〉1n = δπσ n!
|µ(0,π)|

π

η $ n η = 1r12r23r3 . . . n

|µ(0,η)| = [(1−1)!]r1 [(2−1)!]r2 [(3−1)!]r3 . . .

〈pλ, pµ〉u = δλµ
n!
u!

Zλ,

Zλ =
∏

(q
r)

m(q
r)!
[

q!r!
(q + r − 1)!

]m(q
r)

,

λ =
∏

(q
r)
(q
r

)m(q
r)

M(p,m)

λ,µ $ n l m

pλ =
∑

µ≥Rλ

Lλµmµ,

Lλµ f : [l] −→ [m]

µ =




∑

f(j)=1

λj ,
∑

f(j)=2

λj ,
∑

f(j)=3

λj , . . .



 .



λ $ n π∗

λ [n]

pπ∗ =
∑

σ≥π∗

mσ.

φn

pλ =
∑

σπ∗

[typenσ]!
mulmtypenσ,

=
∑

µ≥Rλ

cλµµ!mulmµ,

cλµ σ typenσ = µ σ ≥R π∗

Lλµ = cλµµ!mul

u =
(u1
u2

)
n u

λ $ u

℘u

pλ =
∑

µ≥Rλ

Lλµµ

λ µ l m Lλµ f : [l] −→

[m]

µ =




∑

f(j)=1

λj ,
∑

f(j)=2

λj ,
∑

f(j)=3

λj , . . .



 ,

M(p,m)

M(m,p)

m( 1
0

1
0

0
1) = p(2

1) −
1
2
p(2

0)p(0
1) − p(1

1)p(1
0) +

1
2
p(1

0)p(1
0)p(0

1).



〈mλ,hµ〉 = δλ,µ mλ

λ $ n >L

M(p,m) M(m,p)

(Mπ Pπ Eπ Hπ Fπ

n

[n]



ϕ̃ †

M1n

n

u = (u1,u2, . . . ,uk) ∈ Nk

n λ u

λi ∈ Nk u

λi = (ai,bi,ci, . . . )

λ k

m(a,b,c, . . . ) (a,b,c, . . . ) λ

‡

† ϕ

‡ λ!mul |λ|

n

u = (n,0, . . . ,0)



u! def==
∏

i

ui!,

λ! def==
∏

i

λi!,

λi!
def== ai!bi!ci! . . . ,

λ!mul def==
∏

(a,b,c,... )

m(a,b,c, . . . )!

u = (n,0,...,0) u = (n) u

n u = (1,1, . . . ,1)

u = 1n u

[n] π = 12|3|457|69|8 [9]

B1 B5

λ

1 2 3 4 5 6 7 8 9

λ1 = (1, 1, 0, 0, 0, 0, 0, 0, 0) ↔ B1

λ2 = (0, 0, 1, 0, 0, 0, 0, 0, 0) ↔ B2

λ3 = (0, 0, 0, 1, 1, 0, 1, 0, 0) ↔ B3

λ4 = (0, 0, 0, 0, 0, 1, 0, 0, 1) ↔ B4

λ5 = (0, 0, 0, 0, 0, 0, 0, 1, 0) ↔ B5

u = (1, 1, 1, 1, 1, 1, 1, 1, 1)

u = (u1,u2, . . .) ∈ Nk

n π [n]

{C1,C2,C3, . . .} [n]

C1 = {1, . . . ,u1}

C2 = {u1 + 1, . . . ,u1 + u2}

C3 = {u1 + u2 + 1, . . . ,u1 + u2 + u3}



C1 C2

ρu : [n] −→ [n]× P : i 6−→ (i,j).

i j u [n]u = ρ([n])

πu
def== {ρu(C1),ρu(C2), . . .},

B π i ∈ B (i,j)

Π[n] [n]

π ≤ σ π

σ 0̂ 1̂

[σ,π] σ π Π[n]u [n]

u Π[n]

Π[n] µ(0,1) =

(−1)(n−1)(n − 1)! π = {B1,B2, . . . ,Bl} σ Bi

λi

[σ,π] ; Πλ1 ×Πλ2 × . . .×Πλl .

π σ λ [σ,π]

λ λi

type(σ,π) def== λ.

typeπ def== type(0,π)

sign(σ,π) def== ελ = (−1)|λ|−l(λ).

µ(σ,π) = sign(σ,π)
l∏

i=1

(λi − 1)!



u π ∈ Π[n]

πu λ u j λi

j i π

λ = typeuπ.

λ u π ∈ Π[n] typeuπ = λ

(
u

λ

)
def==

u!
λ!λ!mul

.

π = 12|3|457|69|8 [9]

u = (3,2,4,0, . . . ,0) πu

πu = (1,1)(2,1)|(3,1)|(4,2)(5,2)(7,3)|(6,3)(9,3)|(8,3)

λ

C1 C2 C3

λ1 = (2, 0, 0, 0, . . . , 0) ↔ B1

λ2 = (1, 0, 0, 0, . . . , 0) ↔ B2

λ3 = (0, 2, 1, 0, . . . , 0) ↔ B3

λ4 = (0, 0, 2, 0, . . . , 1) ↔ B4

λ5 = (0, 0, 1, 0, . . . , 0) ↔ B5

u = (3, 2, 4, 0, . . . , 0)

.

u = 1n

(
Π[n]

bij←→
)

(Π[n]u
bij←→




 u = 1n






u ui > 1

Π[n]u % { u} .



π ≤ σ Πn π σ typeuπ ≤ typeuσ

λ η u λ ≤ η

i λ(i) ηi ∪iλ(i) = λ

f ∈ Q[[X,Y, . . . ,Z]]

k S∞

M

k M

Mi =
⋃

u∈Nk∑
m um=i

Mu

Mu u

u ∈ Nk

k X = {x1,x2, . . .} Y = {y1,y2, . . .} Z =

{z1,z2, . . .}

Nk

α = [(a1,b1,c1, . . . ),(a2,b2,c2, . . . ),(a3,b3,c3, . . . ), . . . ] .

Mα

Mα = xa1
1 xa2

2 xa3
3 . . . yb1

1 yb2
2 yb3

3 . . . zc1
1 zc2

2 zc3
3 . . . . . . .

λ u

mλ

mλ
def==
∑

α

Mα,



α

λ

Mu

{mλ} λ u

λ = λ1λ2 . . .

λi = (ai,bi,ci, . . . )

pλ
def== pλ1pλ2 . . .

p(a,b,c... )
def==
∑

j

xa
jy

b
jz

c
j · · · = m(a,b,c,... ).

(a,b,c, . . . ) ∈ Nk e(a,b,c,... )

∑

(a,b,c,... )∈Nk

e(a,b,c,... )r
asbtc · · · =

∏

i

(1 + xir + yis + zit + . . . ).

λ = λ1λ2 . . .

eλ
def== eλ1eλ2 . . . .

(a,b,c, . . . ) ∈ Nk h(a,b,c,... )

∑

(a,b,c,... )∈Nk

h(a,b,c,... )r
asbtc · · · =

∏

i

(1− xir − yis− zit− . . . )−1.

λ = λ1λ2 . . .

hλ
def== hλ1hλ2 . . . .

ω



f : [n] −→ P

f−1({j})

u π

f : [n] −→ P kerf [n]

i ∼ j ⇔ f(i) = f(j).

ker f ker



π = {B1,B2, . . . ,Bl} [n]

Mπ
def==

{
f : [n] −→ P

ker f = π

}
,

=






f : [n] −→ P f

Bi





,

Pπ
def==

{
f : [n] −→ P

ker f ≥ π

}
,

=

{
f : [n] −→ P f

Bi

}
,

Eπ
def==

{
f : [n] −→ P

(ker f) ∧ π = 0̂

}
,

=

{
f : [n] −→ P

f Bi

}
,

Hπ
def==






f : [n] −→ P

f−1({j})

u






,

Fπ
def==






f : [n] −→ P

Bi

f−1({j})

Bi ⊆ f−1({j})






.

f : [n] −→ P

idρu : [n]u −→ P

ρu(i) 6−→ f(i).



f : [n]u −→ P

γ(f) def==
∏

i∈[n]

ρu(i)f(i)

ρu(i) = (i,j) ρu(i) j

1 ↔ X = {x1,x2, . . .},

2 ↔ Y = {y1,y2, . . .},

κu
def== γ ◦ idρu

F

κu(F ) =
∑

f∈F

κu(f).

mπ,u
def== κu(Mπ),

pπ,u
def== κu(Pπ),

u

pπ,u =
∑

σ≥π
mσ,u

eπ,u =
∑

σ∧π=0̂

mσ,u

hπ,u =
∑

σ

(typeu(σ,π))! mσ,u

fπ,u =
∑

τ≥π
(typeu(τ,π))! mτ,u



Mπ

Pπ Eπ

!

mπ,u pπ,u eπ,u hπ,u fπ,u

Π[n]

π ∈ Π[n] u ∈ Nk

Mu

mπ,u = (typeuπ)!
mul mtypeuπ,

pπ,u = ptypeuπ,

eπ,u = (typeuπ)! etypeuπ,

hπ,u = (typeuπ)! htypeuπ,

fπ,u = (typeuπ)!
mul ftypeuπ.

!

u = (n)

M1n ϕ̃

M1n

π ∈ Π[n]

(type1nπ)! = (type1nπ)!mul = 1.

M1n ϕ̃

ϕ̃ Q



m̃π

p̃π
def==

∑

σ≥π
m̃σ

ẽπ
def==

∑

σ∧π=0̂

m̃σ

h̃π
def==

∑

σ

(typeu(σ,π))!m̃σ

f̃π
def==

∑

τ≥π
(typeu(τ,π))!m̃τ

u λ u

Mu

Mλ
def==

∑

typeuπ=λ

mπ,u =
(

u

λ

)
λ!mul mλ,

Pλ
def==

∑

typeuπ=λ

pπ,u =
(

u

λ

)
pλ,

Eλ
def==

∑

typeuπ=λ

eπ,u =
(

u

λ

)
λ! eλ,

Hλ
def==

∑

typeuπ=λ

hπ,u =
(

u

λ

)
λ!hλ,

Fλ
def==

∑

typeuπ=λ

fπ,u =
(

u

λ

)
λ!mul fλ.

M1n

M̃λ
def==

∑

typeuπ=λ

m̃λ.

P̃λ
def==

∑

typeuπ=λ

p̃λ.

Ẽλ H̃λ F̃λ.

φu : M1n −→Mu : m̃π 6−→ κu(Mπ) = (typeuπ)!
mul mtypeuπ

φ∗u : Mu −→M1n : Mλ 6−→ M̃λ.



{m̃π} {Mλ}

M1n Mu φu ◦ κ1n(Mπ) = κu(Mπ)

λ u

φu(M̃λ) = Mλ.

!

u λ

u

P̃λ Ẽλ H̃λ F̃λ φ∗u(Mu) M1n

M̃λ

φ∗u(Mλ) = M̃λ,

φ∗u(Pλ) = P̃λ,

Eλ Hλ Fλ;

φ∗u φu φu ◦ φ∗u = idM1n



N× N

ω



λ

Sn

flip∆

∇



G



Sn

q

q,t

q,t q

Sn q,t

Sn q



q,t

q,t

q,t

λ


